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Abstract

We have studied plane shear flow of nearly homogeneous assemblies of uniformly sized, spherical, cohesive particles in periodic domains
under constant applied normal stress. Our focus has been on (a) exploration of the effect of inter-particle attractive forces on the flow behavior
manifested by dense assemblies under constant applied normal stress, and (b) comparison of the rheological characteristics observed under
constant-applied normal stress and constant-volume conditions. As a model problem, the cohesion resulting from van der Waals force acting
between particles is considered. Simulations were performed for different strengths of cohesion, shear rates, and applied stresses. From each
simulation, the volume fraction, shear stress and the average coordination number have been extracted. We find that cohesive assemblies sheared
under constant applied normal stress shear differently from those sheared at constant volume only in the dynamic sense, while the time-averaged
rheological characteristics are essentially indistinguishable. At constant volume, the fluctuations in shear stress are larger than, but have the same
dependence on cohesion as under constant applied normal stress. This study has also exposed a pronounced dependence of the apparent coefficient
of friction on particle volume fraction in the quasi-static flow regime.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

It is well-known that assemblies of granular materials behave
differently under different flow conditions. Under rapid flow
conditions, the particles interact with each other predominantly
through binary collisions, while at slow shear rates the
interaction is dominated by enduring contacts. The rheological
behavior of slowly deforming assemblies of granular materials
has been studied extensively via simulations [e.g., see 1–4] and
experiments [e.g., see 1,5,6].

Campbell [7] carried out discrete element method (DEM)
simulations of sheared assemblies of cohesionless particles in
periodic domains and under constant-volume conditions and
presented a map of the different regimes of flow. In a previous
study [8] we performed similar simulations for cohesive granular
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materials and showed how the stresses variedwith particle volume
fraction, shear rate, and particle properties including the strength
of the cohesive interaction. This study revealed that inter-particle
attractive forces expand the range of particle volume fractions and
shear rates over which the quasi-static flow regime is observed.
Furthermore, this study identified how the stresses in this regime
should be scaled and showed that the apparent coefficient of
friction varied systematically with particle volume fraction.

In practical devices, flows of granular materials rarely occur
under constant volume, and compaction and dilation do occur
locally in response to the stresses. This and the fact that laboratory
rheological experiments are often performed under constant
applied overburden levels have prompted researchers to investi-
gate regime maps under conditions of constant applied normal
stress. Campbell [9,10] reported that the flow regime map for
assemblies of cohesionless particles sheared at constant applied
normal stress (determined through discrete element method
(DEM) simulations) differed from the flow regime map he
previously constructed for such assemblies sheared at constant
volume [7]. In the present study, we have analyzed shear flow of
assemblies of cohesive granular materials under constant applied
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normal stress and compared the results with those obtained under
constant-volume conditions.

We will first present an analysis of the time-averaged results,
where the mean volume fraction–shear rate–mean stress relation-
ships obtained from the constant-volume simulations at various
strengths of cohesion will be compared to those obtained from
simulations performed under constant applied normal stress. We
will then compare the stress fluctuations in both types of
simulations and discuss the dependence of these fluctuations on
cohesive strength, shear rate and the type of simulation (constant
volume versus constant applied normal stress) performed.

In Section 2, we discuss briefly the flow regimes for
cohesionless and cohesive materials reported previously by
Campbell [7,9,10] and us [8]. In Section 3, the simulation
method for shearing under constant applied stress is described.
The results of these simulations are given in Section 4. Here it
will be shown that the regime map does not depend on whether
shearing is performed under constant applied normal stress or at
constant volume; this contradicts the earlier observation by
Campbell. However, the dynamic stress fluctuations are larger
when shearing is performed at constant volume. Finally, the
main results of this study are summarized in Section 5.

2. Flow regime overview

Based on discrete element method (DEM) simulations of
constant-volume granular shear flows in the absence of gravity,
Campbell [7] identified and described the different regimes of
flows for uniformly sized, cohesionless, frictional particles.
Examining how the shear and normal stresses varied with shear
rate (γ)̇, stiffness of the material (k), coefficient of friction (μ), and
particle volume fraction (ϕ), he identified four regimes of flow.
Specifically, he found how the shear and normal components of
the “scaled stress” (σ⁎=σd/k, where σ is the stress and d is the
particle diameter) variedwith the “scaled stiffness” (k⁎=k/ρd3 γ̇2,
where ρ is the particle density) for various values of volume
fraction and particle friction. The normal and shear stresses were
proportional to the square of the shear rate (i.e. 1/k⁎) in the
inertial-collisional and inertial-non-collisional regimes, at low
volume fractions where the particles flowed freely and in the
former case, the contact interactions were dominated by binary
collisions. At high particle volume fractions, the assemblies
existed in the elastic–quasi-static regime, where the shear and
normal stresses did not vary appreciably with shear rate. In this
regime, the particles were confined to force chains that
continually rotated, broke, and reformed. Finally the elastic-
inertial regime, where the normal and shear stress scaled linearly
with the shear rate (i.e. 1=

ffiffiffiffiffi
k4

p
), was found to exist at very low

values of scaled stiffness.
In a previous study [8] we identified the location of the flow

regimes for cohesive assemblies of particles using as parameters
the particle friction coefficient (μ), the solid volume fraction (ϕ),
the scaled stiffness, and the scaled cohesiveness (Bo⁎=FvdW

max

/kd,
where FvdW

max

is the cohesive force exerted by a particle on a
contacting particle). We found that when ϕ or Bo⁎k⁎ was
sufficiently high, the scaled stress depended very weakly on shear
rate (or k⁎ or Bo⁎k⁎) and so these assemblies were considered to
be in the elastic–quasi-static regime. For these cohesive
assemblies, the elastic–quasi-static regime were found to be
divisible into two sub-regimes which were differentiated by how
the stress scales with the level of cohesion (Bo⁎) or how the
assemblies would have behaved in the absence of cohesion. For
large volume fractions (ϕN0.61 for μ=0.1) regardless of Bo⁎k⁎,
the scaled stress did not vary significantly with Bo⁎. This sub-
regime, which will be referred to as the “high ϕ quasi-static
regime,” corresponded to where cohesionless assemblies have
been found to exist in the elastic–quasi-static regime [7]. For
smaller volume fractions and large Bo⁎k⁎, in the sub-regime
which will be referred to as the “low ϕ quasi-static regime,” the
scaled stress varied proportionally with Bo⁎. Without cohesion,
the assemblies at these conditions would exist in the inertial-
collisional or inertial-non-collisional regime.

At lower values of both ϕ and Bo⁎k⁎ (or k⁎), the stress was
found to be inversely proportional to k⁎ (i.e. proportional to the
square of the shear rate), and so these assemblies were considered
to be in the inertial regime. Furthermore, it was found that the
particle interactions were not dominated by binary collisions, and
so specifically, these assemblies were in the inertial-non-
collisional regime, just like the cohesionless assemblies at the
same conditions. At only the smallest Bo⁎k⁎ (or k⁎) examined
and at relatively high volume fraction (ϕ≥0.6), the scaled stress
was found to be proportional to 1=

ffiffiffiffiffi
k4

p
(i.e. proportional to the

shear rate) and so these assemblies were considered to be in the
elastic-inertial regime, again just like the cohesionless assemblies
at the same conditions. So, in summary, we found that cohesive
assemblies differed from cohesionless ones under constant
volume shear onlywhen both the volume fractionwas sufficiently
small and the scaled stiffness was sufficiently large (which
correspond to the low ϕ quasi-static regime mentioned above).
Otherwise, they behave the same way.

Campbell [9,10] investigated the shearing of cohesionless
assemblies under constant applied normal stress and found that as
k⁎ was varied, the regime map was traversed differently from
when the volume fraction was kept constant. So naturally the
question arises as to what, if any, are the differences between
shearing cohesive assemblies at constant volume and under
constant applied stress. The differences can arise in the time-
averaged behavior or in a dynamic sense, namely, the fluctuations
about the time-averaged values. Let us suppose, for example, that
a mean stress, σ⁎0, is obtained from shearing at a constant volume
fraction ϕ0 (where the stresses are allowed to fluctuate freely);
then, let us suppose that one carries out shearing under constant
applied normal stress σ⁎0 (with the same values for k⁎ and μ as
before, allowing the volume fraction to fluctuate freely). The first
set of questions that one can pose is, “Will the mean volume
fraction be different from ϕ0 and if so, why?”We have addressed
this issue in the present study.

The dynamics must differ between the two types of shearing,
as the volume fraction varies during shear under constant
applied normal stress but not during constant-volume shear. The
stresses fluctuate throughout both types of shearing simulations
(even for shearing under constant applied normal stress, more
on this later), and the size and behavior of these fluctuations
may depend on the type of shearing performed. So even if both



Table 1
Summary of dimensionless input and output parameters

Dimensionless variable Symbol Values

Input
Scaled stiffness k⁎=k/ρd3γ˙2 104–109

Modified Bond number Bo⁎=FvdW
max

/kd≈A/24ksmin
2

0–1.25×10−4

Scaled applied stress σ0d/k 5×10−7–10−2

Coefficient of restitution ε 0.7
Coefficient of friction μ 0.1
Poisson ratio ν 0
Minimum cutoff separation smin/d 4×10−5

Output
Volume fraction ϕ
Scaled stress tensor σ⁎=σd/k
Coordination number Z

Table 2
Effect of changing the constant-stress penalty function Eq. (1)

Coefficient added to right side of Eq. (1) Standard deviation of σzz/〈σzz〉

0.1 0.1998
0.5 0.0386
1 0.0209
2 0.0155
10 1.1518
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types of shearing are the same with regards to time-averaged
quantities, they may manifest significant differences in the size
of the fluctuations. We will discuss this point in some detail later
in the paper.

3. Details of discrete element simulations

In this paper, the differences between results obtained for
steady shear flow of cohesive materials under constant applied
normal stress and under constant-volume conditions are explored.
Results of DEM simulations of steady shear under constant-
volume conditions have already been described in our earlier
publication [8]; additional simulations of this type needed for the
comparisons were performed following the same procedure.

Bulk of the effort in the present study was devoted to DEM
simulations [11] of steady shear flow under conditions of constant
applied normal stress, for which we employed the scheme
described by Campbell [9,10]. The mean volume fractions and
coordination numbers of cohesive particle assemblies with
different applied normal stresses, scaled stiffnesses, and levels
of cohesion were calculated. These data along with the data
collected from simulations performed at constant-volume condi-
tions were plotted using the different scalings for the stress, and
these results from the two different types of shearing were
compared. Furthermore, in each simulation, the stresses and
volume fraction were tracked over the course of the simulation.
The sizes of the fluctuations were compared to determine if and
how the shearing dynamics depend on the flow regime, cohesion,
and whether the shearing was performed at constant volume or
under constant applied normal stress.

We direct the reader to Aarons and Sundaresan [8] for the
majority of the simulation details. All of the notations are kept
the same, so that the stream velocity is in the x-direction and the
velocity gradient is in the z-direction. Furthermore, the zz- and
xz-components of the stress tensor are referred to as the normal
and shear stresses, respectively.

The effects of changing the normal force model for colliding
particles as well as the particle coefficient of friction (μ) were
explored in a previous study [8] and will not be discussed here.
Instead, only the Hookean linear spring-dashpot (LSD) normal
force model and a particle friction coefficient of 0.1 are used.
Table 1 summarizes the input and output parameters (with
regards to the constant-applied normal stress simulations), as
well as the values used in the simulations.

For the initial conditions, the simulated periodic boxes were
chosen to have volume fractions of 0.62, 0.6, 0.57, and 0.55. In a
previous study [8] we found that cohesive assemblies of volume
fractions less than 0.6 did not shear homogeneously in large cubic
boxes, but rather required shallow boxes (in the z-direction) to
shear homogeneously. So if a simulation performed under
constant applied normal stress was expected to achieve an
average volume fraction below 0.6 (based on the constant-volume
simulations), they were started in shallow boxes with volume
fractions of 0.57 or 0.55. For steady state to be achieved quickly,
the specific initial volume fraction for a given simulation was
chosen to be closest to what was expected to be the average
volume fraction (some simulations were performed with different
initial sizes of periodic boxes to ensure that such a choice of initial
condition did not affect the statistical steady state results).

At every time step, the domain-average stresses were
calculated, and depending on whether the zz-component of
the stress tensor was larger or smaller than the desired applied
stress, the periodic box was expanded or compacted, respec-
tively, in the z-direction. The amount by which the top of the
box was raised or lowered is specified by a penalty function [9]

DH ¼ H :
gDt

rzz � r0
jrzz � r0j

� �
min j rzz � r0

r0 j; 1� �
: ð1Þ

Each particle in the periodic box was relocated by a proportional
amount. So if a particle's position in the z-direction was given by zp
(measured from the bottom of the box), then zp was increased by

Dzp ¼ DH
zp
H
: ð2Þ

After a short “start-up time,” the measured stress stayed within
a few percent of the desired stress. This algorithm suggests that
the term “shearing under constant applied normal stress” is a bit of
a misnomer, as the stress is regulated via a feedback mechanism
and is thus subject to fluctuations. Eq. (1) was altered by adding
different coefficients in front of the right side to determine if the
measured stress could be kept closer to the applied stress. The
different variations of the penalty function were used in
simulations with bσzzd/kN=10

−6, k⁎=109, and Bo⁎=5×10−7

(for which bϕN≈0.60). Table 2 gives the standard deviation of
the normal stress, scaled by the average normal stress, for five
different coefficients. The best choice to precede the right side of
Eq. (1) actually appears to be of the order of unity. Indeed,
Campbell [9,10] used Eq. (1) as is (i.e. with a coefficient of 1) and
we adopted this value for the coefficient as well.
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There are conceivably two ways the constant-normal stress
algorithm can be utilized. In the first way, the shear rate is held
constant throughout the simulations, and the Lees–Edwards
boundary conditions (i.e. the velocity adjustments made to a
particle when it crosses the top or bottom of the periodic box) are
changed as the simulated box expands or shrinks. Alternatively, the
Lees–Edwards boundary conditions can be held constant, in which
case the shear rate is allowed to fluctuate throughout the simulation.
The results presented here were obtained from simulations using
the first method. For the sake of completeness, the alternate method
was used for some of the cases presented, and in each case it
Fig. 1. The effect of cohesion on the solid volume fraction versus normal stress beha
Plotted is the solid volume fraction (ϕ) versus scaled normal stress (σzzd/k) obtained
normal stress (black symbols) conditions at various levels of cohesion.
produced the same results and the shear rate varied insignificantly
(b1%) over the course of the simulations. The latter observation is
due to the fact that the volume fraction varies very slightly during
the simulations, a point which will be discussed later.

4. Results and discussion

4.1. Time-averaged results

Fig. 1a and b show the variation of particle volume fraction
with the scaled normal stress for various levels of cohesion. The
vior for two different values of the scaled stiffness; (a) k⁎=108 and (b) k⁎=109.
from simulations run at constant-volume (grey symbols) and constant-applied



Fig. 2. Volume fraction (ϕ) versus mean cohesively scaled normal stress (σzzd/(kBo⁎)=24σzzdsmin
2 /A) with Bo⁎k⁎N100, obtained from simulations run at constant-

volume and constant-applied normal stress conditions. The transition from the high ϕ quasi-static regime (where the scaling splits the curve into three— one for each
value of Bo⁎) to the lowϕ quasi-static regime (where the scaling collapses the curves into one) occurs atϕ≈0.61. Bo⁎=5×10−7 (light grey symbols), 2.5×10−5 (dark
grey symbols), and 1.25×10−4 (black symbols).
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plotted data include results from simulations performed under
constant-applied normal stress (black symbols) and constant-
volume (grey symbols) conditions. Each of these two figures
shows data for only one value of scaled stiffness: (a) k⁎=108

and (b) k⁎=109. These figures show clearly that the time-
averaged data obtained from the simulations run under constant
applied normal stress fall in line with those from the constant-
volume simulations. Recall that in the constant-applied normal
Fig. 3. Volume fraction (ϕ) versus mean kinetically scaled normal stress (σzzdk⁎/k=
obtained from simulations run at constant-volume and constant-applied normal st
2.5×10−5 (dark grey symbols), and 1.25×10−4 (black symbols).
stress simulations the volume fraction is allowed to vary while
the normal stress is controlled through a feedback algorithm. In
contrast, in the constant-volume simulations the volume
fraction does not change with time, while the applied normal
stress fluctuates. In spite of these differences, one obtains
essentially the same relationship between the time-averaged
data in these simulations, indicating clearly that there is no
significant difference between these two types of simulations in
σzz/ρd
2γ˙2) for assemblies the inertial regime, with Bo⁎k⁎b10 and bϕN≤0.6,

ress conditions. Bo⁎=0 (white symbols), Bo⁎=5×10−7 (light grey symbols),



Fig. 4. The effect of the scaled stiffness (or shear rate) on the solid volume fraction versus normal stress behavior for various levels of cohesion; (a) Bo⁎=0, (b) Bo⁎=5×10−7, (c) Bo⁎=2.5×10−5, and
(d) Bo⁎=1.25×10−4. Plotted is the solid volume fraction (ϕ) versus scaled normal stress (σzzd/k) obtained from simulations run at constant-volume (grey symbols) and constant-applied normal stress (black symbols)
conditions.
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Fig. 5. Mean coordination number (Z) versus for assemblies in the inertial regime, obtained from simulations run at constant-volume and constant-applied normal
stress conditions. Bo⁎=0 (white symbols), Bo⁎=5×10−7 (light grey symbols), 2.5×10−5 (dark grey symbols), and 1.25×10−4 (black symbols). The mean
coordination number is plotted against (a) volume fraction (ϕ) and (b) scaled normal stress (σzzd/k).
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a time-averaged sense. These figures also confirm that at high
volume fractions (ϕN0.61) the normal stress is independent of
the strength of cohesion; the reader is referred to our earlier
publication [8] for a more detailed discussion of this result.

In a previous work [8], it was shown that at low volume
fractions (ϕb0.61) in the quasi-static regime (Bo⁎k⁎N10–100),
the average measured stress was found to be proportional to
Bo⁎. Fig. 2 shows how the mean volume fraction varies
with the mean cohesively scaled normal stress (σzzd/(kBo⁎)=
24σzzdsmin

2 /A) for various values of k⁎ and Bo⁎. Data from
constant-volume simulations (small symbols) and from constant-
applied normal stress simulations (large symbols) are included
in this figure. Fig. 2 shows all the data for simulations
performed with Bo⁎k⁎N100, regardless of the volume fraction.
The transition from the “lowϕ quasi-static regime” to the “high
ϕ quasi-static regime” can be seen at ϕ≈0.61. For ϕb0.61, in
the “lowϕ quasi-static regime," the data for all values of k⁎ and
Bo⁎ collapse onto a single curve. The “high ϕ quasi-static
regime”was identified in our earlier study of steady shear under
constant-volume fraction conditions as the regime where a
cohesionless assembly would have manifested quasi-static
flow. In the “low ϕ quasi-static regime”, a cohesionless
assembly would have sheared in the inertial regime. This figure
also shows that the results from the constant-applied normal



Fig. 6. Apparent coefficient of friction (−σxz/σzz) versus volume fraction (ϕ) obtained from simulations run at constant-volume and constant-applied normal stress
conditions. Bo⁎=0 (white symbols), Bo⁎=5×10−7 (light grey symbols), 2.5×10−5 (dark grey symbols), and 1.25×10−4 (black symbols). (a) The apparent coefficients
of friction for all values of ϕ, Bo⁎, and k⁎ are shown. (b) Only data for ϕb0.61 and Bo⁎k⁎N5000 (i.e. assemblies deep in the low ϕ quasi-static regime) are shown.
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stress simulations fall in line with the constant-volume
simulation results in the quasi-static regime.

The inertial regime was found to exist at low values of Bo⁎k⁎

(b10) and volume fraction (ϕb0.61) [8]. Here for a given
volume fraction, the normal stress scales with the square of the
shear rate (or 1/k⁎) but has no more than a weak dependence on
the strength of cohesion. Fig. 3 shows clearly that in this regime
(Bo⁎k⁎b10) the volume fraction only varies with the kinetically
scaled stress (σzzdk⁎/k=σzz/ρd

2γ ˙2), under constant-volume and
under constant-applied normal stress conditions. It can be seen
that all the data fall onto one curve so that all of these assemblies
here exist in the inertial regime and that with regards to mean
quantities, shearing under constant-volume and under constant-
applied normal stress conditions are the same.

Fig. 4a–d shows how the scaled stiffness, k⁎, affects the
manner in which the volume fraction varies with the scaled
normal stress for various strengths of cohesive interaction.
Simulation data for constant-volume (grey symbols) and
constant-applied normal stress (black symbols) shearing are
shown. Again, the data from both types of simulations fall along



Fig. 7. Scaled pressure (Pd/k) versus the zz-component of the scaled stress (σzzd/k) obtained from simulations run at constant-volume and constant-applied normal
stress conditions. Bo⁎=0 (white symbols), Bo⁎=5×10−7 (light grey symbols), 2.5×10−5 (dark grey symbols), and 1.25×10−4 (black symbols). The dashed line
represents parity.
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the same curves. In each figure, the curves for all values of k⁎

meet at around ϕ≈0.61. As k⁎ is increased, its respective
branch reaches this point at lower stresses. Without cohesion
(Fig. 4a), it can be seen that in order to go from a branch for one
value of k⁎ to a branch with a value of k⁎ a factor of 10 lower,
without changing the volume fraction, the stress needs to be
increased by a factor of 10. This indicates that these assemblies,
when ϕb0.61, are in the inertial regime. These results for
cohesionless assemblies agree with those given by Campbell
[9]. When Bo⁎=5×10−7 (Fig. 4b), the branches for k⁎=109

and 108 nearly coincide, and so these assemblies exist in the
quasi-static regime. The assemblies with lower k⁎, at suffi-
ciently low volume fractions (or stress) exist in the inertial
regime. At higher levels of cohesion (Fig. 4c–d), the quasi-
static regime exists at scaled stiffnesses as low as 106. We
previously showed [8] that the transition between the inertial
regime and the quasi-static regime (for ϕ≤0.60) occurs when
Bo⁎k⁎ is somewhere between 10 and 100. Fig. 4b–d supports
this finding and the conclusion that with regards to the mean
quantities, shearing under constant applied normal stress is
identical to shearing under constant volume.

For constant-volume shearing, it was determined in our
earlier study [8] that in the inertial regime, as k⁎ is reduced, the
coordination number increases, such that the dominance of
binary collisions is reduced and the assemblies go deeper into
the inertial-non-collisional regime (towards the elastic-inertial
regime) and further away from the inertial-collisional regime.
This agreed with Campbell's [7] conclusions, at which he
arrived through analysis of the particle contact durations.
Fig. 5a–b shows how the mean coordination number varies with
the volume fraction (Fig. 5a) and normal stress (Fig. 5b) for
assemblies in the inertial regime. In Fig. 5a, it can be seen that
along a line of (approximately) constant volume fraction, as k⁎
is decreased, the coordination number increases, regardless if
the shearing occurs under constant volume or constant applied
stress, and regardless of whether the assemblies are cohesive or
not. Thus as k⁎ is decreased while keeping the mean volume
fraction constant, assemblies go deeper into the inertial-non-
collisional regime.

Alternatively, in Fig. 5b, it can be seen that along a line of
(approximately) constant stress, as k⁎ is increased, the
coordination number increases, again regardless if the shearing
occurs under constant-volume or constant-applied stress con-
ditions and if the assemblies are cohesive or not. So as k⁎ is
increased while keeping the mean normal stress constant, the
assemblies go deeper into the inertial-non-collisional regime.
We emphasize that these findings agree with Campbell's
[7,9,10]. However, we find that the regime map for shearing
under constant-volume conditions is essentially identical to the
regime map for shearing under constant applied normal stress.
Furthermore, the path traversed through regime space as k⁎ is
varied depends on whether each point along the path is at the
same mean stress or mean volume fraction.

Fig. 6a shows how the apparent coefficient of friction,
Aapp ¼ � rxz

rzz
, varies with volume fraction. Both constant-applied

normal stress and constant-volume data are shown. It is clear
that the apparent coefficient of friction increases as volume
fraction decreases. This agrees with simulation results of da
Cruz et al. [12] and experimental results [13]. In between
volume fractions of about 0.58 and 0.62, all of the data fall
approximately onto one curve regardless of the value of k⁎ or
Bo⁎. It had been previously shown that at ϕ=0.6 the apparent
coefficient of friction is nearly independent of Bo⁎k⁎ [8]. This
figure allows us to see that this is the case for a range of volume
fractions and not just a single volume fraction. For volume
fractions outside this range, the data splits into branches. At



Fig. 8. The effect of cohesion on normal stress fluctuations during shearing at
constant volume. Plotted are PDFs of normal stress (σzz/〈σzz〉) obtained from
simulations with (a) ϕ=0.62 and k⁎=108 (in the high ϕ quasi-static regime); (b)
ϕ=0.6 and k⁎=108 (in the low ϕ quasi-static regime); (c) ϕ=0.57 and k⁎=104

(in the inertial regime). Each plot features a PDF for three different levels of
cohesion (Bo⁎).
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large volume fractions (ϕN0.62) these branches correspond to
different levels of mean scaled normal stress, with μapp increasing
as the normal stress increases.

We had also found in [8] that at the volume fractions on the
left side of Fig. 6a, in the inertial regime and sufficiently deep
into the quasi-static regime (Bo⁎k⁎N5000), μapp becomes
constant with respect to k⁎ and Bo⁎. The apparent coefficient
of friction is smallest in the inertial regime and largest in the
quasi-static regime. At and around the transition from the
inertial to quasi-static regime, μapp increases with Bo⁎k⁎ until
the quasi-static plateau is reached (see Fig. 5 in [8]). The
dependence of μapp on the volume fraction is rather weak in the
inertial regime but becomes quite strong in the quasi-static
regime. So the lowest branch on the left side of Fig. 6a, which
would be the branch that has the weakest dependence on
volume fraction, includes data for the smallest values of Bo⁎k⁎,
corresponding to the inertial regime. The highest branch, which
would be the branch that has the strongest dependence on
volume fraction, includes data for the largest values of Bo⁎k⁎

(N5000), corresponding to being “deep” into the quasi-static
regime. In between the two extremes, μapp increases with
Bo⁎k⁎. Fig. 6b contains a subset of the results in Fig. 6a, and
shows the variation of μapp with volume fraction deep into the
low ϕ quasi-static regime. It is clear that a monotonic increase
of μapp with decreasing ϕ occurs over a wide range of volume
fractions for the cohesive systems. As the range of μapp values
possible is clearly very large, continuum models must account
for this variation of μapp with ϕ.

For assemblies sheared at constant volume, it was found that
the normal stress (i.e. the zz-component of the stress tensor)
hardly differed from the pressure (i.e. one-third the trace of the
stress tensor) [8]. Thus, without loss of generality, any
discussion of the normal stress would be applicable to the
pressure. Given that under constant-applied stress conditions
only the zz-component of the stress tensor is controlled directly
(while the other normal stress components are not controlled
directly), it is not immediately apparent if the overall pressure is
controlled, and if so if it is close to the zz-component of the
stress. Fig. 7 shows how the scaled pressure compares with the
zz-component of the scaled stress tensor, and it can be seen that
the two quantities are nearly equal for all assemblies.

So when averaged over time, shearing performed at constant
volume is identical to shearing performed under constant
applied normal stress. Thus any data or conclusions based on
the time-averaged results obtained from constant-volume
simulations can be applied to systems sheared under constant
applied normal stress, or vice versa.

4.2. Fluctuations

Under constant-applied normal stress conditions the fluctua-
tions in normal stress were determined by the control algorithm,
while the volume fraction was allowed to fluctuate freely. On
the other hand, under constant-volume conditions, fluctuations
in the normal stress were not constrained, but the volume
fraction was not allowed to fluctuate. Thus the two types of
shearing differ dynamically.
Fig. 8a–c shows how the normal stress fluctuations during
shear at constant volume vary with cohesion. The fluctuations in
the quasi-static regime (Fig. 8a and b) have a strong dependence
on cohesion, with the fluctuations becoming larger as cohesion
is decreased. The fluctuations in the low ϕ quasi-static regime
(Fig. 8b) become extremely large at the lowest level of cohesion
(Bo⁎=5×10−7). In the inertial regime (ϕ=0.57 and k⁎=104,
Fig. 8c), the dependence on cohesion is relatively weak.
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In the quasi-static regime, normal stress fluctuations arise
from repeated formation and break up of the force chains.
Cohesion causes particles to hold onto each other more tightly,
increasing the average number of contacts and making it more
difficult to break up the force chains. Thus one would expect
that when the stress is free to fluctuate at will (as in constant-
volume simulations), the stress fluctuations in the quasi-static
regime shrink as cohesion is increased. In the inertial regime,
where force chains are non-existent, cohesion has a weak effect
on the normal stress fluctuations.

Under constant-applied normal stress conditions, the normal
stress is controlled and the fluctuations are a consequence of the
control algorithm, and so these fluctuations are merely an
indication of the efficiency of the control scheme (and so any
effect cohesion has is inconsequential). So it can be seen in
Fig. 9 that the size of the normal stress fluctuations under
constant-applied normal stress conditions has a significantly
smaller dependence on cohesion than under constant-volume
conditions (Fig. 8). The PDFs in Fig. 9 were generated from
simulations run in the low ϕ quasi-static regime, where under
constant-volume conditions (Fig. 8b) the stress fluctuations
show the strongest dependence on cohesion.

Fig. 10a–c shows how the shear stress fluctuations vary with
cohesion for the same systems as Fig. 8a–c, respectively, i.e. the
systems sheared under constant-volume conditions. For these
systems, the shear stress fluctuations behave like and are the
same size as the normal stress fluctuations. That is, in the quasi-
static regime, the shear stress fluctuations increase in relative
size as cohesion decreases, and in the low ϕ quasi-static regime
(ϕ=0.6 and k⁎=108, Fig. 10b) the shear stress fluctuations are
quite large for Bo⁎=5×10−7. Furthermore, in the inertial
regime (ϕ=0.57 and k⁎=104, Fig. 10c), the fluctuations grow
in size as cohesion is increased, but again the dependence is
rather weak.

Fig. 11a–c shows how the shear stress fluctuations during
shear under constant applied stress vary with cohesion. As the
normal stress, not the shear stress, was constrained, it comes as
no surprise that the shear stress fluctuations are significantly
larger than the normal stress fluctuations (Fig. 9). In the high ϕ
Fig. 9. The size of the normal stress fluctuations during shearing under constant-
applied normal stress conditions depend much less on cohesion and are almost
completely dictated by the feedback algorithm (Eq. (1)). Plotted are PDFs of
normal stress (σzz/〈σzz〉) obtained from simulations with bϕN=0.58 and k⁎=108

(in the low ϕ quasi-static regime) for three different levels of cohesion (Bo⁎).

Fig. 10. The effect of cohesion on shear stress fluctuations during shearing at
constant volume. Plotted are PDFs of shear stress (σxz/〈σxz〉) obtained from
simulations with (a) ϕ=0.62 and k⁎=108 (in the high ϕ quasi-static regime);
(b) ϕ=0.6 and k⁎=108 (in the low ϕ quasi-static regime); (c) ϕ=0.57 and
k⁎=104 (in the inertial regime). Each plot features a PDF for three different
levels of cohesion (Bo⁎).
quasi-static regime (Fig. 11a) and in the inertial regime
(Fig. 11c), the fluctuations appear nearly independent of cohesion;
however, in the lowϕ quasi-static regime (bϕN=0.58 and k⁎=108,
Fig. 11b) the shear stress fluctuations are much larger for
Bo⁎=5×10−7 than for Bo⁎=2.5×10−5 and Bo⁎=1.25×10−4,
which in turn are about the same relative size. These large
fluctuations at low cohesion are similar to what is seen for the



Fig. 11. The effect of cohesion on shear stress fluctuations during shearing under
constant-applied normal stress conditions. Plotted are PDFs of shear stress (σxz/〈σxz〉)
obtained from simulations with (a) bϕN=0.62 and k⁎=108 (in the highϕ quasi-static
regime); (b) bϕN=0.58 and k⁎=108 (in the low ϕ quasi-static regime);
(c) bϕN=0.57 and k⁎=104 (in the inertial regime). Each plot features a PDF for
three different levels of cohesion (Bo⁎).

Fig. 12. The volume fraction barely deviates from its mean during shearing under
constant applied normal stress. Plotted are PDFs of volume fraction (ϕ/bϕN)
obtained from simulations with bϕN=0.58 and k⁎=108 (low ϕ quasi-static
regime) for three different levels of cohesion (Bo⁎).

Fig. 13. PDFs of shear stress (σxz/〈σxz〉) obtained from simulations run under
constant-applied normal stress conditions with bϕN=0.59 and Bo⁎k⁎=1250
(low ϕ quasi-static regime) and three different combinations of k⁎ and Bo⁎.
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normal and shear stress fluctuations under constant-volume
conditions in the same regime (Figs. 8b and 10b, respectively).

Fig. 12 shows an example of how the volume fraction
fluctuations vary with cohesion for the systems sheared under
constant applied normal stress. As observed by Campbell [9],
the volume fraction hardly deviates from its mean value, with
fluctuations rarely exceeding 1%. Furthermore, we could not
find any trend in how the volume fraction fluctuations vary with
cohesion. Since volume fraction is directly related to the
measured normal stress via the constant-normal stress algorithm
(Eq. (1)), and since the normal stress fluctuations are virtually
independent of cohesion, it would follow that the volume
fraction fluctuations should be as well.

One of the main findings of our earlier study [8] was that if
the volume fraction of particles is sufficiently small that a
cohesionless system would shear in the inertial regime (e.g.,
ϕb0.61, for μ=0.1), the normal stress (or pressure) versus
scaled stiffness data can be collapsed onto a single curve if the
stress is scaled cohesively (divided by Bo⁎) and the scaled
stiffness is multiplied by Bo⁎. Since the mean (i.e. time-
averaged) quantities obtained from the constant-applied normal
stress simulations agree with those from the constant-volume
simulations, this scaling holds for both types of shearing. Thus
if Bo⁎k⁎ is held constant along with the volume fraction (or
mean cohesively scaled stress), while changing the values of k⁎

and Bo⁎ themselves, the mean cohesively scaled stresses (or
volume fraction) as well as the apparent coefficient obtained are
unchanged. However, this does not necessarily mean that the
dynamics remain the same.

Fig. 13 shows PDFs of the shear stress for simulations
performed under constant-applied normal stress conditions with
bϕN=0.59 and Bo⁎k⁎=1250, corresponding to the low ϕ
quasi-static regime. Here, of course, the stress does not depend



Fig. 15. PDFs of shear stress (σxz/〈σxz〉) obtained from simulations run under
constant-applied normal stress conditions with bϕN=0.59 and Bo⁎k⁎=0.25
(inertial regime) and three different combinations of k⁎ and Bo⁎.
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on k⁎ but does depend on Bo⁎. This figure includes a PDF for
three different combinations of k⁎ and Bo⁎. As was seen before
for the low ϕ quasi-static regime, the shear stress fluctuations
are largest for the smallest level of cohesion (Bo⁎=5×10−7),
but are about the same size for the higher levels of cohesion.

Fig. 14a–b shows PDFs of the normal stress (Fig. 14a) and
shear stress (Fig. 14b) for simulations performed under
constant-volume conditions with ϕ=0.59 and Bo⁎k⁎=1250.
Again, the stress fluctuations are much larger (by a factor of
about 6) than those for constant-normal stress shearing.
Furthermore, the fluctuations are largest for the smallest level
of cohesion (Bo⁎=5×10−7), while the fluctuations for the other
levels of cohesion are about the same. So in the low ϕ quasi-
static regime, both the mean shear stress and the shear stress
fluctuations depend on the level of cohesion.

In the low ϕ quasi-static regime for a single value Bo⁎k⁎ and
ϕ, under constant-volume conditions the mean stresses and stress
fluctuations vary with cohesion. Similarly, under constant
applied normal stress, the volume fraction, mean shear stress,
and shear stress fluctuations vary with cohesion. On the other
hand, the apparent coefficient of friction is independent of
cohesion when Bo⁎k⁎ is held constant. In other words, the shear
stress fluctuations (and in the case of constant-volume condi-
Fig. 14. PDFs of (a) normal stress (σzz/〈σzz〉) and (b) shear stress (σxz/〈σxz〉),
obtained from simulations run under constant-volume conditions with ϕ=0.59
and Bo⁎k⁎=1250 (low ϕ quasi-static regime). Each plot features a PDF for
simulations run with three different combinations of k⁎ and Bo⁎.
tions, the normal stress fluctuations) could be of any size for any
single value of the apparent coefficient of friction. So in the low
ϕ quasi-static regime, the apparent coefficient of friction and the
stress fluctuations would be independent of each other.

Fig. 15 shows PDFs of the shear stress for simulations
performed under constant-applied normal stress conditions with
bϕN=0.59 and Bo⁎k⁎=0.25, corresponding to the inertial
regime. Here, of course, the stress depends on k⁎ but not on
Bo⁎. Nevertheless, the fluctuations behave similarly to those for
Bo⁎k⁎=1250 (Fig. 13). The shear stress fluctuations increase
in size as Bo⁎ is reduced and k⁎ is increased. Furthermore,
the fluctuations are a little bigger than in the low ϕ quasi-static
regime.

Fig. 16a–b shows PDFs of the normal stress (Fig. 16a) and
shear stress (Fig. 16b) for simulations performed under
constant-volume conditions with ϕ=0.59 and Bo⁎k⁎=0.25.
The sizes of the stress fluctuations grow as k⁎ is increased and
Bo⁎ is decreased. Also, for the smallest level of cohesion
(Bo⁎=5×10−7) the PDF is noticeably skewed to the left. And
again, the PDFs for the shear stress are nearly identical to those
for the normal stress. It was seen in Figs. 8c, 10c, and 11c that in
the inertial regime, the stress fluctuations are nearly independent
of cohesion, and so we conclude that in the inertial regime, the
shear stress fluctuations (and under constant-volume conditions,
the normal stress fluctuations) depend on and grow with k⁎.

One may expect that normal stress fluctuations would be
accompanied by fluctuations in the coordination number. That
is, when more particles are in contact, the stress is higher. Thus
it would follow that the fluctuations in both of these quantities
would manifest similar dependencies on cohesion. Fig. 17a
shows PDFs of the coordination number for assemblies sheared
at constant volume in the low ϕ quasi-static regime, for which
the stress showed the greatest dependence on cohesion. At the
lowest level of cohesion (Bo⁎=5×10−7), the fluctuations are
significantly larger than at the higher levels of cohesion, similar
to what was seen with the stress fluctuations. However, this
difference between low and high levels of cohesion is much
more pronounced for the coordination number than for the
normal stress.
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Furthermore, under constant-applied normal stress condi-
tions, for which the PDFs are shown in Fig. 17b, the sizes of the
coordination number fluctuations appear to demonstrate a
similar dependence on cohesion to those under constant-volume
conditions. This is so even though the normal stress fluctuations
are small and are negligibly affected by cohesion. One may
point out that the shear stress fluctuations are significantly larger
at the lowest level of cohesion (Bo⁎=5×10−7) than at higher
levels of cohesion, just like they are under constant-volume
conditions. But again, the difference between low and high
levels of cohesion is much more prominent for the coordination
number than for the shear stress. Furthermore, there is no
conceivable physical reason why the coordination number
fluctuations would be related to the shear stress fluctuations but
not the normal stress fluctuations.

Instead it might be possible to explain the sizes of the
coordination number fluctuations with the mean coordination
number (see Fig. 6 in [8]). The systems shown in Fig. 17a–b that
feature the smallest level of cohesion (Bo⁎=5×10−7) havemean
coordination numbers of only around 2, while those with the
higher levels of cohesion have coordination numbers around 6.
Fig. 16. PDFs of (a) normal stress (σzz/〈σzz〉), obtained from simulations run
under constant-volume conditions with ϕ=0.59 and Bo⁎k⁎=0.25 (inertial
regime). Each plot features a PDF for simulations run with three different
combinations of k⁎ and Bo⁎.

Fig. 17. PDFs of coordination number obtained from simulations of assemblies
sheared in the low ϕ quasi-static regime (a) at constant volume with ϕ=0.6 and
k⁎=108 and (b) under constant applied normal stress with bϕN=0.58 and
k⁎=108. Each plot features a PDF for three different levels of cohesion (Bo⁎).
As the mean coordination number increases, more of an average
particle's surface would be covered by contacting particles, and
so it would become more difficult for a particle contact to be
added to or removed from said particle. So as the mean
coordination number increases, the size of the coordination
number fluctuations would be reduced. This claim is supported
by Fig. 17a–b.

As further support of this claim, coordination number PDFs
for assemblies sheared at constant-volume conditions in the
high ϕ quasi-static and inertial regimes are presented in Fig. 18a
and b, respectively. The largest mean coordination numbers
(around 6) were achieved in the high ϕ quasi-static regime and
at the stronger levels of cohesion in the low ϕ quasi-static
regime, and so it can be seen in Figs. 17a–b and 18a that the
coordination number fluctuations are smallest for these systems.
The smallest mean coordination numbers (around 2) were
achieved at the lowest level of cohesion in the low ϕ quasi-static
regime, and so it can be seen in Fig. 17a–b that the coordination
number fluctuations are largest for these systems. Finally,
intermediate mean coordination numbers (around 4) were
achieved in the inertial regimes, and so it can be seen in
Fig. 18b that these systems feature middle-sized coordination
number fluctuations.



Fig. 18. PDFs of coordination number obtained from simulations of assemblies
sheared at constant volume (a) in the high ϕ quasi-static regime with ϕ=0.62
and k⁎=108 and (b) in the inertial regime with ϕ=0.57 and k⁎=104. Each plot
features a PDF for three different levels of cohesion (Bo⁎).
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The stress, volume fraction, and coordination number
fluctuations discussed in this sub-section clearly indicate the
following:

a) The normal and shear stress fluctuations in the constant-
volume shearing simulations in the quasi-static regime are
strongly affected by cohesion. As the strength of cohesion is
increased, the fluctuations become less pronounced.

b) The normal and shear stress fluctuations in the constant-
volume shearing simulations in the inertial regime depend
only weakly on cohesion but depend strongly on the scaled
stiffness, k⁎. As k⁎ is increased, the fluctuations become
more pronounced.

c) The shear stress fluctuations in the constant-applied normal
stress shearing simulations are appreciably smaller than but
otherwise in the low ϕ quasi-static regime behave similarly
to those seen in constant-volume simulations.

d) Under constant-applied normal stress conditions, the volume
fraction barely deviates from its mean value.

e) The coordination number fluctuations depend primarily on
the mean value, regardless of the shear conditions. As the
mean coordination number increases, the fluctuations are
reduced.
5. Summary

In a previous study [8], we investigated the shearing of dense
assemblies of cohesive granular materials performed at
constant-volume conditions. The mean stresses and coordina-
tion numbers were measured for assemblies sheared at various
volume fractions, shear rates, and strengths of cohesion. We
found how the stresses scaled with the level of cohesion and the
shear rate and identified the conditions under which assemblies
existed in each flow regime.

In the present study, we have investigated the shearing of dense
assemblies of cohesive granular materials under constant applied
normal stress and contrasted itwith the constant-volume shearing of
cohesive assemblies. In doing so, we have also investigated the
effect of cohesion on the constant-applied normal stress shearing
of granular assemblies. Attention was focused on homogeneously
shearing assemblies of particles in periodic domains. Assemblies
were categorized into flow regimes depending on how the
scaled applied stress (σ⁎=σd/k) varied with the scaled stiffness
(k⁎=k/ρd3γ̇2) along a line of constant volume fraction.

We found that shearing under constant-applied normal stress
conditions instead of under constant-volume conditions does
not alter the relationship between the mean stress, mean volume
fraction, shear rate, and cohesion strength, regardless if the
particles are cohesive or not. The stress scales with shear rate
and cohesion the same way for shearing under constant applied
normal stress as at constant volume. Thus in the (bσzzd/kN, k⁎,
bϕN) space (for each level of cohesion and inter-particle
friction), one would obtain identical regime boundaries
irrespective of whether the shear flow occurs at constant ϕ or
at constant σzzd/k. So the regime map per se is not dependent on
the type of shear flow, contrary to what Campbell [9,10]
observed. The path that one takes in this (bσzzd/kN, k⁎, bϕN)
space when one progressively increases shear rate (i.e. decrease
k⁎) will be different if bϕN is held constant instead of bσzzd/kN
along the path. Therefore the manifestation of the regime transition
can appear to be different but the regime landscape in the (bσzzd/
kN, k⁎, bϕN) space is essentially independent of the type of
shearing. This is reassuring for the following reason. Simple
continuum constitutive models for the granular rheology are based
on local volume fraction of particles, the local rate of deformation,
and the local stress, and allow for dilation or compaction
depending on the local rheology. There is no provision in these
models to distinguish between constant-volume, constant-stress, or
some other complex conditions where both are changing. The
general premise in these models is that one can choose idealized
conditions to perform simple experiments or simulations and
devise the constitutive models, which when coupled with
conservation laws will allow simulation of complex flows. We
have found in this study that this hope certainly holds for cohesive
granular systems.

We conclude that homogeneously sheared cohesive systems
manifest three important regimes: the high ϕ quasi-static
regime, the low ϕ quasi-static regime, and the inertial regime.
The elastic-inertial regime obtained at high shear rates discussed
by Campbell [7,9,10] start at very small values of k⁎ which are
not likely to be seen in most practical cases.



355L. Aarons, S. Sundaresan / Powder Technology 183 (2008) 340–355
At high volume fractions (ϕN0.61 for μ=0.1), assemblies
exist in the high ϕ quasi-static regime. Here the manner in
which the mean scaled stress varies with the volume fraction is
nearly independent of k⁎ and cohesion (Bo⁎). At lower volume
fractions and sufficiently large Bo⁎k⁎ (N10–100), assemblies
exist in the low ϕ quasi-static regime. In this regime, when the
mean normal stress or pressure is scaled cohesively, it becomes
independent of k⁎ and Bo⁎. Lastly, at the same volume fractions
but at smaller Bo⁎k⁎, the assemblies shear in the inertial regime.
In this regime, when the mean normal stress or pressure is
scaled kinetically, it (i.e., σ⁎k⁎) becomes independent of k⁎ and
Bo⁎. In this regime, as Bo⁎k⁎ (or simply k⁎ if there is no
cohesion) is reduced while the (average) volume fraction is kept
constant, the particle assemblies go deeper into the inertial-non-
collisional regime and further from the collisional regime.

It was found that the apparent coefficient of friction increases
appreciably as the volume fraction is reduced (Fig. 6a–b).
Between volume fractions of 0.58 and 0.62, the apparent coeffi-
cient of friction is independent of k⁎ or Bo⁎. For less dense
assemblies, the apparent coefficient was found to have stronger
dependence on the volume fraction in the quasi-static regime (i.e.
for large Bo⁎k⁎) than in the inertial regime (i.e. for small Bo⁎k⁎).
This dependence of the apparent coefficient of friction on volume
fraction can be trivially incorporated into the continuum
rheological models for quasi-static flow, although most simula-
tion studies do not seem to include it; it may explain some of the
quantitative discrepancies between simulations (based on con-
tinuum models) and experimental data. For example, continuum
model simulations of flows such as hopper and silo discharge
have been found to overestimate the discharge rate from silos
[14]; one can readily argue that allowing the apparent coefficient
of friction to increase with dilation (which occurs near the orifice)
should lead to lower discharge rates and bring the model pre-
dictions closer to correlations based on experimental data.

Shearing under constant applied normal stress only differs
from shearing at constant volume in the dynamics. The shear
stress fluctuations are smaller when shearing is performed under
constant applied normal stress instead of at constant volume.
However, the shear stress fluctuations for both types of shearing
in the low ϕ quasi-static regime show the same dependence on
the strength of cohesion. For shearing in the quasi-static regime,
the shear stress fluctuations increase in size as cohesion is
reduced, especially at low levels of cohesion. In the inertial
regime, the shear stress fluctuations show a rather weak depen-
dence on cohesion, but increase with the scaled stiffness. For
shearing under constant applied normal stress, the volume
fraction fluctuations (which are, of course, non-existent in
constant-volume shearing) are very small and vary weakly with
cohesion and the flow regime. Lastly, the coordination number
fluctuations only depend on the time-averaged coordination
number; but unlike the other fluctuating quantities, they do not
depend on whether shear occurred under constant-volume or
constant-applied normal stress conditions.

Continuum models for granular flows are generally based on
ensemble (or volume) averaged equations and so they are based
primarily on ensemble averaged (i.e. mean) flow characteristics.
There is usually little incentive to track stress fluctuations, as the
there is no evidence that the ensemble averaged stress is affected
by the stress fluctuations. Indeed, we find that the time-averaged
characteristics are the same for both constant-volume and
constant-stress simulations, even though fluctuations can be
very different. Thus the stress fluctuations discussed in this
study are not directly of concern for the development of
continuum models for the ensemble averaged flow behavior.
However, stress fluctuations are of practical concern, as they are
often responsible for the failure of devices; for example, stress
fluctuations in a silo discharge can cause vibrations, which in
turn can affect, over a period of time, the structural integrity of
the silo. Thus, there is frequently an incentive to understand and
mitigate stress fluctuations. Our finding that stress fluctuations,
particularly in the quasi-static regime, are decreased by the
addition of cohesive interaction between particles suggests that
modest levels of cohesion may be beneficially employed to
control fluctuations.
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