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In this study, we constructed from lattice-Boltzmann simulations a drag correlation for bidisperse gas-solid
suspensions containing equally sized particles that are moving with different velocities relative to the interstitial
fluid. Our analysis is limited to flows at low Reynolds numbers and high Stokes numbers, and the microstructure
of the suspension is identical to that of a hard-sphere fluid. The Stokes drag forces acting on the two particle
species are related to the fluid-particle relative velocities by a friction coefficient matrix, the off-diagonal
components of which represent the particle-particle drag due to hydrodynamic interactions and were found
to give important contributions to the net drag force. The off-diagonals exhibit a logarithmic dependence on
the lubrication cutoff distance, a length scale on which the lubrication force between approaching particles
begins to level off. In our simulations, the total particle volume fraction φ ranges from 0.1 to 0.4, and the
volume fraction ratio φ1/φ2 ranges from 1:1 to 1:7. The results from these simulations are captured in explicit
constitutive models, which can be readily generalized to multicomponent mixtures.

I. Introduction

Gas-solid suspensions are involved in many chemical
engineering processes such as fluidizations and pneumatic
conveying. In order to optimize design of these processes and
reduce time and cost involved in experimentation, it has become
increasingly popular to use computer simulations to study the
dynamics of gas-solid flows. As it is impractical to solve the
Navier-Stokes equations for the fluid and the Newton’s
equations of motion for large number of particles, most of the
computational models for particulate flows in industrial scale
devices treat a suspension as a mixture of two or more
interpenetrating continua (the Euler-Euler approach). For
suspensions with very much fewer particles, one can also choose
to model the fluid phase as the only continuum and track the
motions of particles explicitly (the Euler-Lagrange approach).
In either approach, the model equations rely on constitutive
relations to account for the various fluid-particle and particle-
particle interactions. Of all the constitutive relations, the one
for fluid-particle drag is particularly important; in many
processes, fluid-particle drag is the primary force to overcome
gravity, keep the particles suspended, and transport the particles
to desired locations. It has a significant influence on the stability
and heat/mass transfer characteristics of the flow. As a recent
studybyBokkerset al.1 exemplifies, theaccuracyoffluid-particle
drag correlations is critically important for an accurate prediction
of the behavior of a gas fluidized bed. To date, the most accurate
fluid-particle drag correlations are established from either
carefully controlled experiments, or through direct numerical
simulations of suspensions that contain hundreds to a few
thousands of particles. In direct numerical simulations, one
solves the full Navier-Stokes equations with the no-slip
boundary condition applied between the fluid and the particles
as the only interaction between the two phases. For fixed beds
containing uniformly sized spheres (monodisperse), Hill et al.2,3

conducted direct numerical simulations using the lattice-
Boltzmann method, characterized the drag force as a function
of volume fraction φ and particle Reynolds number, and
computationally generated drag laws are now available in a

variety of forms.2–6 For fixed beds containing spheres of two
different sizes (bidisperse), van der Hoef et al.5 and Beetstra et
al.7 conducted lattice-Boltzmann simulations and proposed drag
correlations based on their numerical results. Even though these
drag formulas have been directly applied or adapted in ad hoc
ways to study the dynamics of gas-solid flows, in particular
fluidizations, it should be emphasized that a flowing suspension
is different from a fixed bed in that the particles move constantly,
and an accurate drag law for flowing suspensions should include
the effect of particle velocity fluctuations when Reynolds
number is not small,8 and the effect of polydispersity when the
suspension of interest contains particles of different sizes and/
or different velocities. Among these challenges, the effect of
polydispersity is particularly important, because it is a common
practice to vary the amount of “fines” in reaction vessels to
control the flow characteristics, yet polydisperse suspensions
have not been studied systematically using direct numerical
simulations.

In this study, we focus on gas-solid suspensions where the
Reynolds number of the particles Re ) FgUd/µ is small, yet
the Stokes number St ) (2Fp/9Fg)Re is large such that the
relaxation time of a particle is longer than the average time
between successive collisions. Here Fg and Fp are densities of
the fluid and the particles, respectively, U is a characteristic
velocity describing particle-fluid relative motion, d is particle
diameter, and µ is the viscosity of the fluid. This dual limit is
realistic for many gas-particle systems of practical interest, e.g.
50-100 µm particles suspended in air; it is also attractive in
that it allows for efficient characterization of the drag forces.
First, Re being small implies that the flow through particle
assemblies is quasi-steady. Therefore, the drag forces can be
characterized through static simulations as functions of particle
positions and velocities. In addition, in Stokes suspensions
the drag forces are linear functions of average particle velocities,
and are independent of the velocity fluctuations.8 One can thus
assume that particles of the same type have identical velocities,
which is very convenient for setting up the simulations. It is
valid to compute the forces as functions of particle positions
and velocities for gas-solid suspensions with high Stokes
numbers, because in such suspensions the fluid forces usually
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do not balance particle weights due to the long relaxation time
of the particles; the velocities of particles are controlled by
collisions and obey Gaussian distributions.9,10 In contrast, when
particle Stokes number is low, which is less common for
gas-solid suspensions but a reality for many liquid-solid
colloidal suspensions, as the relaxation time is very short, a
particle would adjust its velocity very quickly such that the
fluid-particle force balances its own weight. In this limit, it is
more appropriate to use particle positions and weights as input
parameters.

Our objective is to establish a drag law for low-Reynolds-
number polydisperse suspensions containing equally sized
spheres that are moving with different velocities relative to the
fluid. Such polydisperse suspensions are not as common in
practice as those with unequally sized spheres, but the study of
these simpler suspensions can give us insights and would pave
way to future studies that include size differences. Due to the
velocity difference between particle species, momentum will
be transferred from one species to others through direct
particle-particle collisions and indirect hydrodynamic interac-
tions, yielding the so-called particle-particle drag. The mo-
mentum transferred through collisions can be estimated from
kinetic theories of granular materials;9 the momentum transferred
through hydrodynamic interactions, on the other hand, is a part
of the fluid-particle drag force that is often neglected in many
ad hoc drag laws. Valiveti et al.10 conducted a preliminary
numerical study on this hydrodynamic particle–particle drag and
showed that there is distinctive between difference high Stokes
number gas–solid suspension and low Stokes number liquid-
–solid suspension. In this study, we have carried out more
comprehensive lattice-Boltzmann simulations of bidisperse
suspensions and examined the fluid-particle drag in detail. We
conducted simulations in the volume fraction range 0.1 < φ <
0.4 and varied volume fraction ratio φ1/φ2 from 1:1 to 1:7. As
will be exemplified in later sections of this paper, the
particle-particle drag transmitted through the fluid is always
an important part of the fluid-particle drag and should not be
neglected; the Stokes drag forces, which depend on the volume
fractions of particles and a lubrication cutoff distance that sets
an upper limit on the lubrication forces, can be very well fit by
a simple explicit drag law that can easily be generalized to
polydisperse suspensions.

This paper is organized in the following order. In section II,
we introduce the fluid-particle drag in the context of averaged
continua equations for gas-solid flows, discuss common drag
correlations used in past studies, and propose a new drag force
expression for low-Re, high-St gas-solid suspensions of spheres
with a binary velocity distribution. In section III, we present
the lattice-Boltzmann method, the setup of the simulations, and
test runs to validate the characteristics of our bidisperse
gas-solid suspensions. In section IV, we characterize the
dependence of the drag forces on the volume fractions of
particles, velocities, and lubrication interactions and bring forth
a simple drag correlation that can be easily generalized to
polydisperse suspensions containing equally sized particles that
are moving with three or more velocities relative to the fluid.
In section V, we summarize and conclude the paper.

II. Fluid-Particle Drag in Polydisperse Suspensions

A. Drag in the Context of Averaged Equations. The
Euler-Euler approach for monodisperse gas-solid suspensions
treat the particles and the interstitial gas as two interpenetrating
continua. The averaged equations governing the dynamics of
these continua are discussed in many publications, for example,

see the work of Jackson.11 When a suspension contains more
than one type of particles, the two-fluid model equations can
be easily generalized to multifluid model equations (for ex-
amples see the works of Syamlal et al.12 and Owoyemi et al.13).
Assuming that the suspension of interest contains two different
types of particles and there is neither aggregation nor breakup
of particles, we can write down the continuity equation for the
gas phase

∂[(1-∑
i)1

2

φi)Fg]
∂t

+ ∇ ·[(1-∑
i)1

2

φi)FgUg] ) 0 (1)

and that for the particle phases (i ) 1 and 2)

∂(φiFi)

∂t
+ ∇ ·(φiFiUi)) 0 (2)

In eqs 1 and 2, Fg and Ug are the density and averaged velocity
of the gas, φi, Fi, and Ui are the volume fraction, density, and
average velocity of the ith particle phase. The averaged
momentum equation for the gas is

[(1-∑
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The momentum equations for the particle phases are

∂(φiFiUi)

∂t
+ ∇ ·(φiFiUiUi)) ∇ ·Si +∑

i)1

2

fg-i +∑
j)1

2

fj-i + φiFig

(4)

In eqs 3 and 4, Sg and Si are the stress tensors for the gas and
the particle phases; fg-i represent the interactive forces per unit
volume of suspension between the gas and the ith particle phase;
fj-i represents the interactive forces per unit volume of suspen-
sion between particles phase j and particles phase i due to
collisions and/or enduring contacts; finally, g is the gravity. Sg

is usually expressed as -PI + τg with P being the pressure in
the gas phase and τg as the viscous stress. In order to solve eqs
1–4, one needs to supply constitutive models for τg, fg-i, Si,
and fj-i.

Closures for Si and fj-i for high Stokes number systems are
often sought through kinetic theories. Alternate simulation
methods, such as the Euler-Lagrange approach (e.g., the work
of Feng et al.14) or the multiphase particle-in-cell (MP-PIC)
method,15 circumvent the need to integrate eqs 2 and 4; instead,
they track the motions of particles using Newton’s equations
of motion. Nevertheless, they still need constitutive models for
the fluid-particle interaction force fg-i. In general, a complete
description of fg-i should include contributions from a variety
of sources: the drag force resulted from the relative velocity
between the fluid and the particles fDg-i, the added mass force
associated with the current relative acceleration, the history
effect associated with the past history of relative acceleration,
the generalized buoyancy, and the lift force, etc. In our
simulations, we consider steady, low-Re flows with no bulk
velocity gradient and focus on fDg-i. The generalized buoyancy
force is written as φi∇ ·Sg, which in the absence of bulk velocity
gradients (hence τg ) 0), simplifies to -φi∇ P. Then, we write

fg-i )-φi ∇ P+ fDg-i (5)
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Drag defined this way is consistent with the majority of chemical
engineering literature. An exception is the work by Hill et al.,2,3

where they considered the entire fg-i as the drag and did not
subtract the bulk pressure gradient -φi∇ P from fg-i.

B. Drag Correlations for Polydisperse Gas-Solid
Suspensions. Owing to the growing interest in flows involving
polydisperse suspensions, there have been a number of computa-
tional studies in the past few years on the mixing and segregation
in fluidized polydisperse gas-solid suspensions.1,13,14,16–21 In these
studies, the closure for the fluid-particle drag fDg-i is usually a
simple modification of the drag law for monodisperse suspensions
with a general form

fDg-i ) �i(Ug -Ui) (6)

In this equation, the friction coefficient �i depends on the
volume fraction φi, the total volume fraction φ, and the
relative velocity Ug - Ui. A common drag law of this type,
which is used in refs 17, 18, 19, 1, 20, and 21, is a
modification of the Gidaspow model,22 which itself is a
combination of the Ergun equation23 at high volume fractions
and the Wen-Yu drag law24 at low volume fractions

�i ) { 150
φiφµ

(1- φ)di
2
+ 1.75

Fgφi

di
|Ug -U|, φg 0.2

0.75
Fgφi(1- φ)-1.65

di
CDi|Ug -U|, φ < 0.2

(7)

with CDi given by

CDi ) { 24
Rei

(1+ 0.15Rei
0.687), Rei < 1000

0.43, Reig 1000
(8)

and Rei ) (1 - φ) Fg|Ug-Ui|di/µ. The drag models used in the
works of van Wachem et al.,16 Feng et al.,14 and Owoyemi et
al.13 are different from eqs 7 and 8, but they still conform with
eq 6. These drag laws imply the drag acting on species i is
independent of the velocities of other particle species Ug - Uj

(j * i), which is not physically sound because the presence of
other particle species affects the drag not only by changing the
total solid fraction but also through direct and indirect
particle-particle momentum transfers (as discussed in the first
section of the paper) that are proportional to the relative
velocities between different particle species. In many Euler-Euler
type studies, the momentum equations for particles contain a
particle-particle drag term, the closure of which is originated
from kinetic theories of dense granular materials.25,26 While this
particle-particle drag term can account for the interaction
between different particle species due to direct collisions, the
indirect particle-particle momentum transfer mediated by the
interstitial fluid, which is an integrated part of the drag force,
has not been considered and modeled in previous studies.

In order to assess the importance of the particle-particle drag
due to hydrodynamic interactions, we propose to write the
fluid-particle drag forces into a form that includes not only
the velocity of species i but also the velocities of other species.
For a bidisperse suspension where the relative velocities ∆U1

) U1 - Ug and ∆U2 ) U2 - Ug are aligned in the same
direction, we can consider a drag law in the following form

{ FD1 ) -B11∆U1 -B12∆U2

FD2 ) -B21∆U1 -B22∆U2
(9)

where FDi is the average drag force per particle of type i, and
Bij is the particle-specific friction coefficient which is a 2 × 2
matrix. Negative signs are placed before Bij to reflect the fact

that the drag forces are usually opposite to the direction of
relative motion. In eq 9, the influence on the drag force on
particles of type i due to the motion of particles of type j is
reflected through the off-diagonal components of Bij.

Because in two- and multifluid models fluid-particle drag
forces are often averaged over a volume, it is useful to consider
the drag forces per unit volume of suspension

{ fD1 ) -�11∆U1 - �12∆U2

fD2 ) -�21∆U1 - �22∆U2
(10)

Here fDi ) niFDi, ni is the number density of the ith species in
the suspension, and �ij ) niBij is the Volume-specific friction
coefficient. We will present our simulation results in both
particle-specific and volume-specific forms. Equation 9 can be
nondimensionalized using FDi

/ ) FgFDi/µ2 and Bij
/ ) Bij/µd

{ FD1
/ ) -B11

/ ∆Re1 -B12∆Re2

FD2
/ ) -B21

/ ∆Re1 -B22∆Re2

(11)

Equation 10 can be nondimensionalized using fDi
/ ) Fgd

3fDi/µ2

and �ij
/ ) d2�ij/µ

{ fD1
/ ) -�11

/ ∆Re1 - �12
/ ∆Re2

fD2
/ ) -�21

/ ∆Re1 - �22
/ ∆Re2

(12)

In the above two equations, the Reynolds numbers are defined
as ∆Rei ) Fg∆Uidi/µ.

C. Drag Law for Polydisperse Liquid-Solid Suspen-
sions in the Low-Reynolds-Number Limit. In the following
discussion, we review the development of drag laws for
polydisperse liquid-solid suspensions. A primary distinction
between gas-solid suspensions and liquid-solid suspensions
is that the Stokes number, a measure of the viscous relaxation
time of particles, is usually on a similar order of magnitude as
the Reynolds number in liquid-solid suspensions, whereas in
gas-solid suspensions Re is usually smaller than St by several
orders of magnitude. As a result, in low-Re liquid-solid
suspensions, Stokes numbers are usually low as well, and
particles would change their velocities very quickly such that
the fluid-particle force acting on a particle balances its weight.
For this reason, the drag laws for liquid-solid suspensions are
usually written with the velocities on the left-hand side. The
weights of particles, on the other hand, are placed on the right-
hand side as input parameters. For example, the correlations
for the hindered settling velocities in bidisperse liquid-solid
suspensions are usually expressed as

Ui )Ui
0Hi(φ1, φ2, F1, F2, Ff, d1, d2, µ, g) (13)

Here, Ui and Ui
0 are the average sedimentation velocity and

terminal velocity of type-i particles, respectively, Ff is the density
of the fluid, and Hi is the hindered settling function. For
monodisperse suspensions, it is well-known that H can be well
fitted by H ) (1 - φ)n with n as a function of the terminal
Reynolds number (based on Ui

0)sthe Richardson-Zaki for-
mula.27 Starting from the Richardson-Zaki formula, several
authors proposed different modifications for polydisperse
liquid-solid suspensions, for example, see the work of Mirza
and Richardson,28 Masliyah,29 Selim et al.,30 and Patwardhan
and Tien.31

A particularly important result on the hindered settling
functions for bidisperse liquid-solid suspensions was obtained
by Batchelor32 and Batchelor and Wen.33 In the limit Re f 0
and Stf 0, Batchelor developed a rigorous theory32 to account
for the hydrodynamic interactions in a dilute bidisperse suspen-
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sion of spheres and found the leading order corrections to the
hindered settling velocities

{ U1 ) U1
0(1+ S11φ1 + S12φ2)

U2 ) U2
0(1+ S21φ1 + S22φ2)

(14)

where the coefficients Sij are complex functions of the particle
size ratio d1/d2, the reduced density ratio γ ) (F1 - Ff)/(F2 -
Ff), the Péclet number based on the ratio between particle relative
motion and Brownian diffusion, and interparticle forces. Nu-
merical data for Sij were given in Batchelor and Wen,33 and
they are in good agreement with experiments conducted in dilute
polydisperse colloidal and noncolloidal suspensions.34,36 In the
limit of high Péclet number and with interparticle forces absent,
for a suspension of same-size spheres, Batchelor’s theory gives

S) [ -2.65 -2.52- 0.13γ-1

-2.52- 0.13γ -2.65 ] (15)

Substituting eq 15 and Ui
0 ) gd2(Fi - Ff)/18µ into eq 14 yields

an explicit relation between the sedimentation velocities of the
particles and the forces Fi ) 3πµdUi

0

{ 3πµdU1 ) (1- 2.65φ1 - 2.52φ2)F1 - 0.13φ2F2

3πµdU2 ) -0.13φ1F1 + (1- 2.52φ1 - 2.65φ2)F2
(16)

in which the coefficients relating Ui and Fi are known as the
mobility matrix.

In order to extend Batchelor’s results to concentrated suspen-
sions, Davis and Gecol37 combined the Richardson-Zaki
formula27 with Batchelor’s results and proposed an ad hoc drag
law that agrees reasonably well with data obtained from
bidisperse sedimentation experiments conducted in concentrated
suspensions. More accurate numerical data for the mobility
matrix are available in Revay and Higdon,38 where the authors
conducted a comprehensive numerical study in suspensions
containing equally sized particles of two different densities for
a wide range of volume fractions (0.025 < φ < 0.50). Revay
and Higdon’s results can be summarized as

3πµdUi )M0Fi + (M̄-M0)(φ1

φ
F1 +

φ2

φ
F2) (17)

where M0 and Mj only depend on the total volume fraction φ

and can be fit by the following expressions

{ M0 ) 1- 1.83φ+ 0.4084φ
2 - 0.2108φ

3

M̄ ) (1- φ)6.55(1+ 3.458φ
2 + 8.990φ

3)
(18)

In view of the fact that, in a sedimenting bidisperse suspension
U1φ1 + U2φ2 + Ug(1 - φ) ) 0 and -∇ P ) n1F1 + n2F2, it is
easy to obtain a relation between the sedimentation velocities
Ui and the relative velocities ∆Ui

{ ∆U1 )
1- φ2

1- φ
U1 +

φ2

1- φ
U2

∆U2 )
φ1

1- φ
U1 +

1- φ1

1- φ
U2

(19)

and a relation between the fluid-particle forces Fi and the drag
forces FDi

{ FD1 ) (1- φ1)F1 - φ2F2

FD2 ) -φ1F1 + (1- φ2)F2
(20)

Thus, in low-Re bidisperse liquid-solid suspensions, the
mobility matrix is all that is needed to fully describe the relation
between fluid-particle relative velocities and the drag forces.

As one compares the drag law for bidisperse liquid-solid
suspensions of equally sized spheres eqs 17 and 18 to the drag
law that we hope to establish for bidisperse gas-solid suspen-
sions eq 9, it is natural to ask the question: how different is the
friction coefficient matrix Bij from the inverse of the mobility
matrix when the necessary transformations eqs 19 and 20 are
taken into consideration? The mobility matrix formulation is
established for the limit where both fluid and particle inertia
are negligibly small. Particles thus have very short relaxation
times and are always at a force balance, and direct collisions
seldom occur due to the strong lubrication forces. The friction
matrix formulation, on the other hand, is for gas-solid
suspensions with zero fluid inertia but high particle inertia.
Because of the large relaxation times, the particles are generally
not at a force balance, and the stresses in the gas usually cannot
prevent direct collisions. As a result, we will see that the drag
forces acting on the particles, which include the particle-particle
drag transmitted through the fluid, are strong functions of local
lubrication interactions.

III. Simulation Method and Validations

We characterized the drag forces in bidisperse suspensions
using a lattice-Boltzmann method developed by Ladd39,40 for
suspensions of spherical particles. It has been modified and
improved over the years, and a complete review of the current
version is available in Ladd and Verberg.41 The lattice-
Boltzmann method is different from conventional finite differ-
ence, finite volume, or finite element methods in that it does
not solve the Navier-Stokes equations directly. Rather, it
simulates the evolution of a simplified fluid molecular velocity
distribution on a rectangular, space-filling lattice. The propaga-
tion and relaxation of this molecular velocity distribution are
designed such that fluid density, momentum, and stresses, being
the zeroth-, first-, and second-order moments of the velocity
distribution, obey the Navier-Stokes equations on large length
and time scales. Our lattice-Boltzmann method employs a 19-
velocity model (commonly referred to as D3Q19 model to
denote that the simulations are in three dimensions and that the
continuous distribution of the fluid molecular velocity is
discretized as a sum of 19 discrete velocity quadratures) in which
the density of the fluid Fg ) 36. The viscosity of the fluid was
set to µ ) 6.0 which is a good choice for Stokes flows.

Since the drag forces contain particle-particle drag
transmitted through the fluid due to the relative motion
between particle species, we expect that they would be
influenced by the lubrication forces between particles, and
an accurate solution of the lubrication forces is needed. As
capturing the lubrication forces from simulations requires a
very fine lattice in the gaps between particles, in our lattice-
Boltzmann method the lubrication interactions between
spheres are solved analytically and imposed to the lattice
solutions in an explicit manner. The detail of the implemen-
tation of the lubrication forces is supplied in the paper by
Nguyen and Ladd.42 They find that when the particles are
separated by more than one lattice spacing, the lattice-
Boltzmann method can fully resolve the hydrodynamic
interaction between the particles; when the distance between
particles is less than one lattice spacing, the lubrication forces
obtained from the lattice-Boltzmann no longer increase with
decreasing separation, and corrections must be applied to the
forces so that they agree with the analytical solutions.43 In
our lattice-Boltzmann code, such corrections are applied to
both normal and tangential motions.
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The lubrication forces between two spheres with different
velocities diverge as the separation between the spheres ap-
proaches zero. In reality, this divergence may be removed by
surface roughness, finite weight of particles, or noncontinuum
effects. All of these effects may be approximated in our
simulation by specifying a cutoff distance λ: when the separation
between particles becomes less than λ, the lubrication forces
no longer increase but remain as constants. In our simulations,
we found that the particle-particle drag through hydrodynamic
interactions increases with decreasing λ following a logarithmic
scale. The breakdown of the lubrication force at λ thus plays
an important role in limiting the magnitude of the particle-particle
drag.

We began our simulations by first randomly distributing
spherical particles in cubic, periodic domains. Then, we
employed Monte-Carlo steps to ensure that the spatial distribu-
tion of particles satisfies the equilibrium hard-sphere distribution,
as demonstrated in Figure 1. After that, the particles were
randomly designated as being type-1 or type-2 such that the
two types of particles are well mixed, and they were assigned
velocities U1 and U2, respectively. These velocities generate a
fluid flow within the particle assembly, the detail of which is
solved by the lattice-Boltzmann method. Meanwhile, a pressure
gradient was applied to the fluid to ensure that the net flow rate
of the fluid through the particle assembly is zero. The velocities
assigned to the particles U1 and U2 thus became equivalent to
the relative velocities ∆U1 and ∆U2. Once the flow reached the
steady state, the forces F1 and F2 acting on the particles were
obtained by integrating the hydrodynamic stresses over particle
surfaces and averaging over all particles of the same species.
The drag forces FD1 and FD2 were then calculated from

FDi )Fi +
πd3

6
∇ P (21)

where ∇ P is the bulk pressure gradient acting on the fluid that
balances the total forces

- ∇ P) n1F1 + n2F2 (22)

The accuracy of the lattice-Boltzmann simulation, as in any
other type of fluid dynamic simulations, is affected by the choice
of lattice resolution and system size L. To assess the influence
of lattice resolution and system size, test simulations were
conducted. As shown in Table 1, the results with d ) 9.6 and
d ) 12.48 generally agree within 90% uncertainty levels. Here
d denotes the number of lattice nodes across the diameter of

the particle. Thus, d ) 9.6 implies that the lattice spacing is
1/9.6 times the particle diameter. At the resolution of d ) 9.6,
the results obtained from L/d ) 15.6 and L/d ) 20.8 systems
also agree within 90% uncertainty levels. (As L/d increases,
the number of particles inside the simulation domain increases.)
Therefore, we chose to use d ) 9.6 and L/d ) 15.6 for the
majority of our simulations.

We first studied pressure driven flows through fixed beds with
monodisperse spheres to check the accuracy of the method. This
test is the same as those conducted by Hill et al.2 and by van
der Hoef et al.5 As Figure 2 shows, our simulated drag forces
were in excellent agreement with Koch and Sangani’s formula4

FD-fixed
/ )

FD-fixed

3πdµUs
)

{ (1- φ)(1+ 3

√2
φ

1/2 + 135
64

φ ln φ+ 17.14φ)
1+ 0.681φ- 8.48φ

2 + 8.16φ
3

,
φ < 0.4

10φ

(1- φ)2
, φ > 0.4

(23)

and van der Hoef et al.’s formula5

FD-fixed
/ )

FD-fixed

3πdµUs
) 10φ

(1- φ)2
+ (1- φ)2(1+ 1.5√φ) (24)

for fixed beds containing randomly distributed monodisperse
spheres under the Stokes flow condition. In eqs 23 and 24, Us

is the superficial gas velocity through the fixed bed and Us )
(1 - φ)∆U. Note that in eqs 23 and 24, the drag forces were
nondimensionalized using the Stokes drag on isolated particles,
which is a common choice for fixed bed simulations as there is
only one velocity scale for fixed beds. In this study, as we are
interested in polydisperse suspensions with multiple velocities,
it is more convenient to use FDi

/ ) FgFDi/µ2 to nondimensionalize
the drag forces.

We then validated the linear dependence of the drag forces
on the relative velocities. In this test, we set φ1 ) φ2 ) 0.05,
L/d ) 15.6, ∆Re2 ) 0, and examined FDi

/ as functions of ∆Re1.
As shown in Figure 3, the drag forces can be fit very well by
straight lines starting from the origin, proving that FDi

/ are linear
functions of ∆Re1. Due to this linearity, in our suspensions the
friction coefficients Bij

/ and �ij
/ are independent of relative

velocities and can be determined using two sets of simulations.
In the first set of simulations, we let ∆Re1 be 0.01 and ∆Re2 be
zero to determine B11

/ and B21
/ ; in the second set, we let ∆Re1

be zero and ∆Re2 be 0.01 to determine B12
/ and B22

/ .
Finally, we confirmed that, in our suspensions, the velocity

fluctuations of particles do not affect the drag. We conducted
two sets of simulations: one with φ1 ) φ2 ) 0.10 and another
with φ1 ) φ2 ) 0.15. The average velocities of the two particle
species satisfy 〈∆Re1〉 ) 0 and 〈∆Re2〉 ) 0.01; the fluctuating
velocities obey Gaussian distributions with standard deviations
Reσ1 ) Reσ2 ) 0.005. As shown in Table 2, the drag forces
found in suspensions with velocity fluctuations are nearly
identical to those obtained from simulations without velocity
fluctuations, which is consistent with the work of Wylie and
Koch.8Because of this feature, in our simulations, we can assign
same velocity to all particles of the same type and neglect the
effect of velocity fluctuations.

Even though we can exploit the various features discussed
above to make our computations efficient, a full characterization
of Bij

/ and �ij
/ is still a nontrivial task that requires intensive

computations. In order to study the dependence of Bij
/ and �ij

/

on the volume fractions, we varied the total volume fraction

Figure 1. Radial distribution of particles in our initial configurations. φ1 +
φ2 ) 0.34. The triangles represent the radial distribution averaged from 18
configurations, each of which contains 1268 particles. The solid line
represents the radial distribution in a hard-sphere fluid of the same volume
fraction obtained from the work of Barker and Henderson.49
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from 0.1 to 0.4, and the volume fraction ratios of the particles
from 1:1 to as high as 1:7. The number of particles in our
systems ranges from 728 (φ ) 0.1) to 2914 (φ ) 0.4). For each
combination of φ1 and φ2, we conducted 10-15 simulations
with different particle configurations to obtain good statistics.
In order to characterize the dependence of Bij and �ij on the
lubrication cutoff distance λ, we subsequently varied λ/d from
0.001 to 0.01.

IV. Result and Discussion

In Tables 3–6, we list the numerical values of Bij
/ and �ij

/ found
from simulations. The four tables correspond to λ/d ) 0.001,
0.002, 0.005, and 0.01, respectively. It is clear that the off-
diagonal components in Bij

/ and �ij
/, which represent the

particle-particle drag due to hydrodynamic interactions, are very
important contributions to the net fluid-particle drag. In a
relatively dilute suspension with φ1 ) φ2 ) 0.05, the size of
the off-diagonals is more than 10% of the diagonals; when φ1

+ φ2 ) 0.40, the off-diagonals components are 20-30% of the
diagonals. The importance of the off-diagonals thus grows
rapidly with increasing volume fraction.

When we seek appropriate functions to fit the large amount
of data presented in Tables 3–6, it is important to realize that
the four entries in Bij

/ and �ij
/ are not totally independent of each

other. In fact, they must satisfy two constraints and there is
only one free parameter in Bij

/ and �ij
/ for us to fit.10 The first

constraint comes from the principle of action and reaction
between the two types of particles that requires the volume-
specific friction coefficient �ij

/ to be strictly symmetric. In the

raw data listed in the tables, it can be observed that �ij
/ are indeed

approximately symmetric. The condition �12
/ ) �21

/ leads to

φ1B12
/ ) φ2B21

/ (25)

In Figure 4 where we plotted the values of B12/B21 as a function
of φ2/φ1, the presence of this symmetry is evident. The second
constraint comes from the fact that if we let the two particle
species have identical velocities, our bidisperse suspension
would become a monodisperse fixed bed. Thus, if ∆Re1 ) ∆Re2,
the drag forces FD1

/ and FD2
/ should both equal the drag force in

a monodisperse fixed bed of the same volume fraction. This
constraint requires

B11
/ +B12

/ )B21
/ +B22

/ )B/ (26)

where B/ is the friction coefficient in a fixed bed. B/ satisfies
FgFD-fixed/µ2 ) B/∆Re and is related to FD-fixed

/ in eqs 23 and
24 by

Table 1. Test Simulations Showing the Effect of Lattice Resolution and System Size on the Fluid-Particle Drag Forcesa

suspension size fluid-particle drag force d ) 5:84 d ) 9:6 d ) 12:46

small FD1
/ 0.0123 ( 0.0053 0.0200 ( 0.0025 0.0164 ( 0.0022

L ) d ) 10:3 FD2
/ -0.2156 ( 0.0033 -0.2266 ( 0.0030 -0.2276 ( 0.0022

(M ) 8) (M ) 8) (M ) 6)
intermediate FD1

/ 0.0274 ( 0.0017 0.0304 ( 0.0027
L ) d ) 15:6 FD2

/ -0.2352 ( 0.0016 -0.2380 ( 0.0028
(M ) 50) (M ) 12)

large FD1
/ 0.0258 ( 0.0025 0.02370 ( 0.0024

L ) d ) 20:8 FD2
/ -0.2226 ( 0.0020 -0.2304 ( 0.0024

(M ) 7) (M ) 5)

a For the simulations listed in this table, φ1 ) φ2 ) 0.05, ∆Re1 ) 0, ∆Re2 ) 0.01, and λ/d ) 0.001. The numbers before the ( are the dimensionless
drag forces FDi

/ ) FgFDi/µ2; the numbers after the ( are the 90% uncertainty from M configurations.

Figure 2. Normalized fluid-particle drag in a monodisperse fixed bed. The
squares were obtained from our simulations. They agree very well with the
drag law by Koch and Sangani4 [eq 23, dashed line] and the drag law by
van der Hoef et al.5 [eq 24, solid line].

Figure 3. Linear dependence of FDi
/ (open symbols) and FD2

/ (filled symbols)
on ∆Re1 in a bidisperse suspension with φ1 ) φ2 ) 0.05. The size of the
computational domain L/d ) 15.6; the lubrication cutoff λ/d ) 0.001; the
velocity of the second particle phase ∆Re2 ) 0. The dashed lines are the
best linear fits with R2 being the coefficient of regression.

Table 2. Effect of Particle Velocity Fluctuations on the
Fluid-Particle Draga

Reσi ) 0 Reσi ) 0.005

FD1
/ 0.0769 ( 0.0040 0.0733 ( 0.0059

φ1 ) φ2 ) 0.10 FD2
/ -0.3914 ( 0.0036 -0.3927 ( 0.0065

FD1
/ 0.2120 ( 0.0099 0.1908 ( 0.0091

φ1 ) φ2 ) 0.15 FD2
/ -0.6478 ( 0.0099 -0.6483 ( 0.0083

a The average velocities are 〈∆Re1〉 ) 0 and 〈∆Re2〉 ) 0.01. Reσi is
the Reynolds number based on the standard deviation of particle
velocity distribution, which assumes the shape of a Gaussian. The
lubrication cutoff λ/d ) 0.001. The numbers after the ( are the 90%
uncertainties from 10-14 simulations with different configurations.
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B/) 3π(1- φ)FD-fixed
/ (27)

In Figure 5, we show that B11
/ + B12

/ and B21
/ + B22

/ (with λ/d )
0.001), when plotted as functions of φ, agree very well with B/

for monodisperse fixed beds. In view of eqs 25 and 26, it is
convenient to define a free parameter R to represent the off-
diagonals

R)-B12
/ /B/φ2 (28)

and the entire Bij
/ can then be expressed as a function of R

[B11
/ B12

/

B21
/ B22

/ ] ) 3π(1- φ)FD-fixed
/ [1+ φ2R -φ2R

-φ1R 1+ φ1R ] (29)

Here, we replaced B/ with 3π(1 - φ)FD-fixed
/ to emphasize eq.

29’s connection to the drag in monodisperse fixed beds. From
eq 29, it is easy to obtain an expression for the volume-specific
friction coefficient �ij

/

[�11
/ �12

/

�21
/ �22

/ ] ) 18(1- φ)FD-fixed
/ [(1+Rφ2)φ1 -Rφ1φ2

-Rφ1φ2 (1+Rφ1)φ2 ]
(30)

The dimensionless drag forces per unit volume of suspension
thus are

{ fD1
/ ) -18(1- φ)φ1FD-fixed

/ [∆Re1 +Rφ2(∆Re1 -∆Re2)]

fD2
/ ) -18(1- φ)φ2FD-fixed

/ [∆Re2 +Rφ1(∆Re2 -∆Re1)]

(31)

The first term on the right-hand-side of eq 31, -18(1 -
φ)φiFD-fixed

/ ∆Rei, represents the drag acting on the ith species
when all the particles have the same velocity ∆Rei relative to
the fluid; the second term on the right-hand-side of eq 31
represents the particle-particle drag transmitted through the
fluid due to the velocity difference between particle species i

Table 3. Friction Coefficient Matrix Bij
/ and the Volume Specific Friction Coefficient Matrix �ij

/ Obtained from Simulations with λ/d ) 0.001a

φ1 φ2 B11
/ B12

/ B21
/ B22

/ �11
/ �12

/ �21
/ �22

/

0.05 0.05 23.5 (0.2) -2.7 (0.2) -2.7 (0.2) 23.5 (0.2) 2.24 -0.26 -0.26 2.24
0.05 0.10 32.6 (0.4) -7.4(0.8) -3.5 (0.2) 29.5 (0.4) 3.11 -0.71 -0.67 5.63
0.05 0.15 43.6 (0.8) -11.7 (1.1) -4.0 (0.3) 35.3 (0.4) 4.2 -1.1 -1.2 10.1
0.10 0.10 39.1 (0.4) -7.7 (0.4) -7.7(0.4) 39.1 (0.4) 7.5 -1.5 -1.5 7.5
0.05 0.20 56.8 (1.0) -18.7 (1.0) -4.9 (0.3) 42.5 (0.3) 5.4 -1.8 -1.9 16.2
0.10 0.15 52.7 (0.9) -14.0(0.9) -10.0 (0.6) 47.4 (0.5) 10.1 -2.7 -2.9 13.6
0.05 0.25 79.1 (0.9) -35.2 (1.7) -7.1 (0.2) 51.0 (0.4) 7.6 -3.4 -3.4 24.4
0.10 0.20 70.4 (0.6) -25.3 (1.1) -13.2(0.3) 56.8 (0.6) 13.4 -4.8 -5.0 21.7
0.15 0.15 64.8 (1.0) -21.2 (1.0) -21.2 (1.0) 64.8 (1.0) 18.6 -6.1 -6.1 18.6
0.05 0.30 101.3 (1.1) -45.9(1.1) -8.0 (0.2) 60.6 (0.2) 9.7 -4.4 -4.6 34.7
0.10 0.25 93.9 (1.6) -40.2 (1.2) -16.1 (0.6) 69.2 (0.5) 17.9 -7.7 -7.7 33.0
0.15 0.20 83.5 (1.4) -31.6 (1.1) -22.8(1.0) 76.8 (0.9) 23.9 -9.0 -8.7 29.3
0.05 0.35 127.1 (2.9) -64.3 (3.9) -9.2 (0.4) 73.0 (0.6) 12.1 -6.1 -6.2 48.4
0.10 0.30 119.3 (1.5) -56.5(1.6) -18.5 (0.5) 82.6 (0.5) 22.8 -10.8 -10.6 47.3
0.15 0.25 111.6 (1.8) -49.6 (1.9) -28.9 (1.2) 93.3 (1.1) 32.0 -14.2 -13.8 44.6
0.20 0.20 102.5 (1.6) -38.8 (1.6) -38.8(1.6) 102.5 (1.6) 39.2 -14.8 -14.8 39.2

a In the columns for Bij
/, the numbers in parentheses are the 90% uncertainties. The uncertainties for �ij

/ are not shown for brevity.

Table 4. Friction Coefficient Matrix Bij
/ and the Volume Specific Friction Coefficient Matrix �ij

/ Obtained from Simulations with λ/d ) 0.002a

φ1 φ2 B11
/ B12

/ B21
/ B22

/ �11
/ �12

/ �21
/ �22

/

0.05 0.10 31.5 (0.4) -6.4 (0.7) -2.9 (0.2) 29.1 (0.3) 3.01 -0.61 -0.55 5.55
0.10 0.10 37.8 (0.3) -6.6(0.4) -6.6 (0.4) 37.8 (0.3) 7.21 -1.26 -1.26 7.21
0.10 0.15 50.4 (0.7) -11.6 (0.6) -8.5 (0.4) 45.4 (0.4) 9.6 -2.2 -2.4 13.0
0.15 0.15 62.0 (1.0) -18.5 (1.0) -18.5(1.0) 62.0 (1.0) 17.8 -5.3 -5.3 17.8
0.10 0.25 86.7 (1.1) -34.7 (1.2) -13.2 (0.5) 67.1 (0.5) 16.6 -6.6 -6.3 32.1
0.20 0.20 95.7 (1.0) -31.9(1.1) -31.9 (1.1) 95.7 (1.0) 36.6 -12.2 -12.2 36.6

a The numbers in parentheses are the 90% uncertainties as in Table 3.

Table 5. Friction Coefficient Matrix Bij
/ and the Volume Specific Friction Coefficient Matrix �ij

/ Obtained from Simulations with λ/d ) 0.005a

φ1 φ2 B11
/ B12

/ B21
/ B22

/ �11
/ �12

/ �21
/ �22

/

0.05 0.10 30.3 (0.3) -4.8 (0.4) -2.3 (0.2) 28.1 (0.2) 2.90 -0.46 -0.44 5.37
0.10 0.10 36.4 (0.3) -4.9(0.2) -4.9 (0.2) 36.4 (0.2) 6.95 -0.94 -0.94 6.95
0.10 0.15 47.5 (0.4) -8.9 (0.3) -6.5 (0.2) 43.6 (0.2) 9.1 -1.7 -1.9 12.5
0.15 0.15 58.3 (0.8) -14.8 (0.8) -14.8(0.8) 58.3 (0.8) 16.7 -4.2 -4.2 16.7
0.10 0.25 79.2 (0.8) -26.9 (0.8) -10.2 (0.3) 64.0 (0.3) 15.1 -5.1 -4.9 30.6
0.20 0.20 88.0 (0.5) -24.3(0.6) -24.3 (0.6) 88.0 (0.5) 33.6 -9.3 -9.3 33.6
0.05 0.35 103.6 (1.2) -40.3 (1.6) -5.8 (0.2) 69.5 (0.3) 9.9 -3.8 -3.8 46.5

a The numbers in parentheses are the 90% uncertainties as in Table 3.

Table 6. Friction Coefficient Matrix Bij
/ and the Volume Specific Friction Coefficient Matrix �ij

/ Obtained from Simulations with λ/d ) 0.01a

φ1 φ2 B11
/ B12

/ B21
/ B22

/ �11
/ �12

/ �21
/ �22

/

0.05 0.10 29.4 (0.2) -3.7 (0.4) -1.8 (0.2) 27.7 (0.1) 2.80 -0.35 -0.35 5.29
0.10 0.10 35.2 (0.2) -3.7(0.2) -3.7 (0.2) 35.2 (0.2) 6.72 -0.71 -0.71 6.72
0.10 0.15 45.2 (0.2) -6.8 (0.3) -5.0 (0.2) 42.3 (0.1) 8.6 -1.3 -1.4 12.1
0.15 0.15 55.2 (0.7) -11.7 (0.7) -11.7(0.7) 55.2 (0.7) 15.8 -3.3 -3.3 15.8
0.10 0.25 73.6 (0.6) -21.1 (0.6) -8.0 (0.2) 61.7 (0.3) 14.1 -4.0 -3.8 29.4
0.20 0.20 82.6 (0.4) -18.8(0.5) -18.8 (0.5) 82.6 (0.4) 31.6 -7.2 -7.2 31.6

a The numbers in parentheses are the 90% uncertainties as in Table 3.
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and j. Clearly, existing ad hoc drag laws for bidisperse
suspensions in the form of eq 6 only consider the first term;
the second term that is proportional to R and represents the
hydrodynamic particle-particle drag is neglected.

We will now characterize the dependence of R on the volume
fractions φi and the lubrication cutoff λ/d. Because our bidisperse
suspensions contain equally sized spheres, R must be symmetric
about φ1 and φ2. As all symmetric combinations of φ1 and φ2

can be expressed as functions of two variables: the total volume
fraction φ1 + φ2 and the product φ1φ2, we plotted R as a function
of φ1φ2 in Figure 6 and as a function of φ1 + φ2 in Figure 7.
Interestingly, R does not seem to have any systematic depen-
dence on φ1 + φ2 and φ1φ2. Therefore, we propose to fit R as
a single-variable function of λ/d as the first approximation. In
Figure 8, we plotted the averages of R over φ1 and φ2 as a
function of λ/d. It appears that the dependence of R on λ/d can
be very well fitted by a logarithmic function of (λ/d)-1

R) 1.313 log10(d/λ)- 1.249 (32)

which implies that, in the limit of λ f 0, the particle-particle
drag terms in eq 31 would diverge to infinity. Therefore, λ/d is
a very important parameter for bidisperse gas-solid suspensions,
and a finite λ/d is necessary to keep the particle-particle drag
due to hydrodynamic interactions finite.

The divergence of the particle-particle drag in the limit of λf
0 is a consequence of the assumption that the motion of the particles
are not affected by the stresses in the gas. In a bidisperse suspension
of equally sized spheres where the two types of particles are
randomly mixed, there is a nonzero probability for two particles
of different species to become very close. As these two particles
have different velocities, there will be strong lubrication forces
acting on the particles, and the net fluid-particle interactive forces
would be very high. According to Kim and Karrila,43 the squeezing
motion of two spheres in the normal direction generates a
lubrication force that is proportional to d/2h where h is the distance
between surfaces; the tangential motion of two spheres, on the other
hand, produces a weaker lubrication force proportional to ln(d/
2h). It is easy to show that integrating the normal lubrication forces
over all possible particle orientations and over 0 < h < h0 yields
a divergent integral proportional to ∫0

h0 (d/2h) dh. Here h0 is the
distance where the near-field solution in Kim and Karrila43 starts
to break down and is small compared to d. Clearly, in order to
keep the net lubrication force finite, it is necessary to introduce a

length scale λswhen h < λ, the lubrication force between the two
particles saturate. The net lubrication force would then become a
logarithmic function of d/λ, in excellent agreement with our
numerical results in eq 32. Therefore, the normal lubrication forces
are the leading order contributions to the net lubrication force; the
tangential lubrication forces, on the other hand, are much weaker
and are not as important as those in the normal direction.

In a real suspension, the lubrication forces between particles
of different types can not diverge to infinity, either. The upper
bound on the lubrication forces may be imposed by surface
roughness of the particles, noncontinuum effects due to the mean
free path of gas molecules, or finite Stokes number of the
particles that stops the particles from approaching each other
once the distance between the particles becomes small enough
to produce a sufficiently large lubrication force. Therefore, the
lubrication cutoff λ that is required to produce a finite net
lubrication force does have a physical meaning.

Figure 9 shows the forces acting on the particles in a
bidisperse suspension with φ1 ) φ2 ) 0.10 and ∆Re1 ) 0, ∆Re2

) 0.01. It may be observed that the forces acting on certain
particles are much higher, and for every positive “spike” in F1

/,
there is always a negative one in F2

/ having the same magnitude.
When these force spikes are taken into the averages, they give
rise to the logarithmic dependence of R on λ/d.

Our findings that the fluid-particle drag in a bidisperse
gas-solid suspension has a logarithmic dependence on the lubrica-
tion cutoff is not unique. In the study of simple shear flows of
gas-solid suspensions, Sangani et al.44 made a similar discovery
that the total energy dissipation due to particle-fluid friction is a
logarithmic function of the lubrication cutoff, and a finite lubrication
cutoff is needed to keep the net dissipation finite. In their
simulations, they assumed that the particles have very high Stokes
numbers and undergo hard-sphere molecular motions that are
independent of the stresses in the fluid and solved the fluid
equations using a multipole expansion method.45,46 The relative
velocities between pairs of particles in their study were produced
by the random molecular motions of particles and the bulk shear,
whereas in our study they are produced by the velocity difference
related to the bidispersity of the suspension.

One can immediately extend eqs 29 and 30 to polydisperse
suspensions of equally sized spheres. For example, for a ternary
system one can write down the following expression for the
volume-specific friction coefficient

Figure 4. Symmetry in the off-diagonal components of Bij due to �12
/ )

�21
/ . The simulation data (symbols) shown in this figure are from Table 3.

They fall unanimously on the solid line y ) x, indicating that φ1B12
/ )

φ2B21
/ . The error bars represent 90% uncertainties.

Figure 5. Recovery of B/ for monodisperse fixed beds from the friction
coefficient Bij

/ under condition ∆Re1 ) ∆Re2. The symbols represent B11
/ +

B12
/ and B21

/ + B22
/ based on simulation data in Table 3. The dashed and

solid lines were computed from eqs 24 and 25, respectively. The error bars
represent 90% uncertainties.
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[�11
/ �12

/ �13

�21
/ �22

/ �23
/

�31
/ �32

/ �33
/ ] ) 18(1- φ)FD-fixed

/

[(1+Rφ2 +Rφ3)φ1 -Rφ1φ2 -Rφ1φ3

-Rφ1φ2 (1+Rφ1 +Rφ3)φ2 -Rφ2φ3

-Rφ1φ3 -Rφ2φ3 (1+Rφ1 +Rφ2)φ3
]

(33)

To verify eq 33, we simulated the flow in a ternary suspension
with φ1 ) φ2 ) φ3 ) 0.10 and ∆Re1 ) 0.01, ∆Re2 ) 0.02,
∆Re3 ) 0.03. The lubrication forces were assumed to be
constant for distances less than λ/d ) 0.001. For this suspension,
eq 33 predicts the drag forces per unit volume of suspension
acting on the three types of particles to be -0.017, -0.177,
and -0.337. These numbers agree very well with the actual fDi

/

obtained from the simulations: -0.013, -0.177, and -0.330.
The validity of the generalized form eq 33 is thus proved. For
polydisperse suspensions of equally sized particles that are
moving with M different velocities relative to the fluid, it is
easy to show that the volume-specific fluid-particle drag acting
on the ith species is

fDi
/ )-18(1- φ)φiFD-fixed

/ [∆Rei +Rφ(∆Rei -∆Re)] (34)

where ∆Re is the average velocity of all particle species relative
to the fluid

∆Re) 1
φ∑

k)1

M

φk∆Rek (35)

Adding up all fDi
/ together, one sees that the total fluid-particle

drag

∑
k)1

M

fDi
/ )-18φ(1- φ)FD-fixed

/ ∆Re (36)

only depends on the average relative velocity of particles. It is
independent of the higher-order moments of the velocity
distribution and is not affected by R which is a measure of the
internal interactions within a polydisperse suspension.

We now present a quantitative comparison between the new
drag law [eq 34] and the modified Gidaspow drag law that is
frequently used in previous studies of bidisperse suspensions
[eqs 7 and 8] in Figure 10. In the Stokes limit ∆Rei f 0, eqs
7 and 8 are reduced to

(�i
/)G ) { 150φiφ/(1- φ), φg 0.2

18φi(1- φ)-2.65, φ < 0.2
(37)

The dimensionless fluid-particle drag force per unit volume
of suspension according to eq 37 is thus

(fDi
/ )G ) {-150φiφ/(1- φ)∆Rei, φg 0.2

-18φi(1- φ)-2.65∆Rei, φ < 0.2
(38)

In Figure 10, (fDi
/ )G obtained from eq 38 are represented by left-

pointing (for type-1 particles) and right-pointing (for type-2
particles) triangles, and fDi

/ obtained from eq 34 are represented
by upward (for type-1 particles) and downward (for type-2
particles) triangles. In Figure 10a-c, we specified the velocities

Figure 6. R(φ1, φ2, λ/d) ) B12
/ /B/φ2 as functions of φ1φ2. Parts a-d correspond to λ/d values of 0.001, 0.002, 0.005, and 0.01, respectively. The error bars

represent 90% uncertainties. The dashed lines at y ) 2.67, 2.27, 1.74, and 1.36 correspond to the averages of R(φ1, φ2, λ/d) over φ1 and φ2.
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of the particles ∆Re1 ) 0.05 and ∆Re2 ) 0.1 and set the volume
fraction ratio φ1/φ2 to 4:1 (a), 1:1 (b), and 1:4 (c). The drag
forces per volume fDi

/ were then plotted as functions of total
volume fraction φ. It is clear from the first three graphs that the
predictions from the new drag model differ substantially from
those from the modified Gidaspow model, especially for the
drag acting on the faster species fD2

/ . This comparison suggests

that our new drag model, if applied to continuum simulations,
would predict a higher drag on the faster (i.e., heavier) particle
species, which would result in better mixing and less segregation
in a fluidized polydisperse suspension. In Figure 10d, we show
an interesting difference between the two drag models that for
certain combination of parameters (φ1/φ2 ) 1/4, ∆Re1 ) 0.02,

Figure 7. R(φ1, φ2, λ/d) ) B12
/ /B/φ2 as functions of φ1 + φ2. Parts a-d correspond to λ/d values of 0.001, 0.002, 0.005, and 0.01, respectively. The error bars

represent 90% uncertainties. The dashed lines at y ) 2.67, 2.27, 1.74, and 1.36 correspond to the averages of R(φ1, φ2, λ/d) over φ1 and φ2.

Figure 8. R(λ/d) as a function of log10(d/λ). The error bars represent the
standard deviations (approximately 0.2) in averaging R(φ1, φ2, λ/d) over
φ1 and φ2. The dashed line is the best linear fit with R2 being the coefficient
of regression.

Figure 9. Demonstration of the force spikes in a bidisperse suspension with
φ1 ) φ2 ) 0.10, ∆Re1 ) 0, ∆Re2 ) 0.01, and λ/d ) 0.001. The size of the
computational domain L/d ) 15.6, and the total number of particles in this
simulation is 1456.
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∆Re2 ) 0.1 in this case) eq 34 could predict a negative fD1
/ ,

which implies that the strong interaction between two particle
species makes the slower species move faster than it would by
itself, i.e. in a suspension that contains exclusively the slower
type particles. This phenomenon shows the importance of the
particle-particlehydrodynamicdragterm.Incontrast,fluid-particle
drag models in the form of eq 6 must be used in conjunction
with particle-particle collisional drag models to capture this
behavior.

In Figure 11, we compare the drag forces calculated from
the new drag model [eq 34supward and downward triangles]
to those obtained from the mobility matrix formulation by Revay
and Higdon38 [eqs 17 and 18sleft- and right-pointing triangles]
that assumes instantaneous force balance on all particles. The
comparison, again, reveals that there are significant differences
between the two drag models. The drag forces acting on the
faster species, in particular, appear to be very different: the new
model always predicts a much higher drag than that obtained
from Revay and Higdon’s formulas. When we compare Figure
11 to Figure 10, it may be observed that the predictions of Revay
and Higdon’s formulas [eqs 17 and 18] are not very different
from those from the modified Gidaspow model, especially for
the slower particles where the two drag models give almost
identical predictions. This similarity is probably because the
Wen-Yu model24 upon which the modified Gidaspow model
was built was derived from liquid-solid fluidization and

sedimentation experiments where the Stokes number of the
particles are relatively low.

In Figure 12, we present the sensitivity of the drag forces
-fDi
/ on R. We include three values of R for comparison: R )

2.67 (λ/d ) 0.001: upward and downward triangles), R ) 1.36
(λ/d ) 0.01: diamonds and squares), and R ) 0 (left- and right-
pointing triangles). The limit of R ) 0, in particular, corresponds
to the situation where we completely ignore the particle-particle
hydrodynamic drag and only consider an ad hoc modification
of the drag correlations for a monodisperse fixed bed [eq 23 or
eq 24]. Figure 12 indicates that the drag acting on the slower
species (-fD1

/ ) decreases with increasing R, whereas the drag
acting on the faster species (-fD2

/ ) increases with increasing R.
Therefore, the hydrodynamic particle-particle drag helps mixing
and reduces segregation in a polydisperse suspension.

Finally, we would like to compare the particle-particle drag
transmitted through the fluid [c.f. eq 31]

(f1-2
/ )fluid )-18(1- φ)RFD-fixed

/
φ1φ2(∆Re1 -∆Re2) (39)

to the particle-particle drag due to collisions and frictions f1-2
/ .

For the illustrative example discussed below, we consider a
model presented by Syamlal.25 Under conditions that the
collisions are perfectly elastic, frictions are negligible, and
particles are of the same size, Syamlal’s expression for f1-2

/ is

Figure 10. Comparison between the fluid-particle drag forces per unit volume of suspension calculated from the modified Gidaspow drag model in the
low-Re limit [eq 38] and those calculated from the new drag model [eq 34] assuming λ/d ) 0.001. In parts a-c, ∆Re1 ) 0.05 and ∆Re2 ) 0.1; in part d,
∆Re1 ) 0.02 and ∆Re2 ) 0.1: (upward triangle) -fD1

/ based on the new drag model; (left-pointing triangle) -fD1
/ based on the modified Gidaspow drag

model; (downward triangle) -fD2
/ based on the new drag model; (left-pointing triangle) -fD2

/ based on the modified Gidaspow drag model.
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f1-2
/ )-6φ1φ2g0|∆Re1 -∆Re2|(∆Re1 -∆Re2)

(F1/Fg)(F2/Fg)

F1/Fg +F2/Fg

(40)

where g0 is the radial distribution of particles at contact. For a
suspension of equally sized hard spheres, according to Lebow-
itz47

g0 )
1+ φ

2

(1- φ)2
(41)

Toestimate therelativeimportanceof thesetwoparticle-particle
drag terms, let us define δ to be the ratio of collisional
particle-particle drag to hydrodynamic particle-particle drag

δ)
f1-2
/

(f1-2
/ )fluid

)
g0|∆Re1 -∆Re2|

3(1- φ)RFD-fixed
/

(F1/Fg)(F2/Fg)

F1/Fg +F2/Fg
(42)

We will now substitute some realistic numbers into this
equation and calculate typical values of δ. As the density of
fluidized particles is usually close to 1 g/cm3, it is fair to
assume F1 ) 0.8 g/cm3 and F2 ) 1.2 g/cm3. Under
atmospheric conditions, the density and viscosity of air are
Fg ) 0.0012 g/cm3 and µ ) 1.81 × 10-4 g/cm · s. For d )
50 µm particles suspended in air, with gravity g ) 981 cm/
s2, the terminal velocities of the particles are 6.0 and 9.0

cm/s, respectively. The corresponding Reynolds numbers are
0.20 and 0.30, and the Stokes numbers are 30 and 44. The
dual limit of low Reynolds number and high Stokes number
is thus satisfied. In very dilute suspensions, with φ ≈ 0, |∆Re1

- ∆Re2| ) 0.1, and R ) 1.36 (λ ) 0.5 µm), δ ) 9.8,
indicating that in the limit of φ f 0 the collisional
particle-particle drag is more important than the hydrody-
namic particle-particle drag. Nevertheless, the importance
of the hydrodynamic particle-particle drag increases rapidly
with increasing φ. When φ ) 0.4, if we allow the particles
to settle freely, the average relative velocity between particle
species will likely be much smaller than the relative velocity
in a dilute suspension because of the hindrance in concen-
trated suspensions. As the Richardson-Zaki formula27 for a
monodisperse Stokes particle suspension, U/Ut ) (1 - φ)4.65,
predicts a 90% decrease in the settling velocity at φ ) 0.4,
we may take |∆Re1 - ∆Re2| ≈ 0.01 as an estimate for the
relative velocity in our concentrated binary suspension.
Substituting these numbers and R ) 1.36 into eq 42, one
obtains δ ≈ 0.45. In a gas-fluidized bed operating at high
pressure, δ becomes even smaller. It is thus clear that in more
concentrated suspensions the particle-particle drag transmit-
ted through the fluid is just as important as that transmitted
by direct collisions.

Figure 11. Comparison between the fluid-particle drag forces per unit volume of suspension calculated from Revay and Higdon38 for bidisperse liquid-solid
suspensions with low Reynolds numbers and low Stokes numbers [eqs 17 and 18] and those calculated from the new drag model [eq 34] for gas-solid
suspensions with low Reynolds number but high Stokes numbers assuming λ/d ) 0.001. In parts a-c, ∆Re1 ) 0.05 and ∆Re2 ) 0.1; in part d, ∆Re1 ) 0.02
and ∆Re2 ) 0.1: (upward triangle) -fD1

/ based on the new drag model; (left-pointing triangle) -fD1
/ based on the work of Revay and Higdon; (downward

triangle) -fD2
/ based on the new drag model; (right-pointing triangle) -fD2

/ based on the work of Revay and Higdon.
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V. Summary

In thisnumerical study,wehavecharacterized thefluid-particle
drag in low-Reynolds-number gas-solid suspensions containing
two species of particles that are of the same size but are moving
with different velocities relative to the fluid. This velocity
difference may be resulted from a density difference, or from
forces that are selectively applied to certain particles. These
particles are spherical in shape, and they have high Stokes
numbers such that their motions are not affected by the
hydrodynamic forces between successive collisions. We found
that the drag forces acting on the two particle species are linear
functions of their relative velocities. The proportionality con-
stants between the forces and the velocities, known as the
friction coefficients, can be arranged into a matrix form, the
off-diagonals of which are indicative of a particle-particle drag
transmitted through the fluid. These off-diagonals have not been
carefully studied in the past, and existing fluid-particle drag
models for polydisperse gas-solid suspensions usually neglect
them completely. Our numerical data, on the other hand, suggest
that these off-diagonals produce sizable contributions to the drag
forces and thus should not be neglected.

We have observed that the friction coefficients, once properly
normalized, have relatively simple dependencies on the particle
volume fractions and on the lubrication cutoff distance. The
logarithmic dependence of the off-diagonals on the lubrication
cutoff, in particular, indicates that the particle-particle hydro-
dynamic drag in a bidisperse suspension of spherical particles

of infinite Stokes numbers would diverge to infinity due to the
strong lubrication interaction between close pairs of particles.
To suppress this nonphysical divergence, an extra length scale
λ is needed to cut off the growth of the lubrication forcessit
reflects the reality that the growth of the lubrication force
between two approaching particles would be limited by surface
roughness, noncontinuum effects, or finite weights of the
particles.

On the basis of simulation data, we have proposed a new
drag model for bidisperse gas-solid suspensions containing
equally sized spheres. This drag model can easily be generalized
to polydisperse suspensions of equally sized particles that
possess three or more distinctive velocities. Compared with
existing drag models for polydisperse gas-solid suspensions,
our new drag model predicts higher drag on the particle species
having a larger velocity relative to the fluid. Therefore, when
applied to the continuum modeling of fluidizations of polydis-
perse gas-solid suspensions, this drag model is expected to
predict better mixing and less segregation than existing drag
models. Compared with collisional particle-particle drag forces,
hydrodynamic particle-particle drag forces are generally of a
similar magnitude and hence are equally important. Therefore,
the averaged momentum equations in Euler-Euler models
should include both terms.

This study assumes that particles of different species are
intimately mixed, their spatial distributions are identical to that
of a hard-sphere fluid, and the particle velocities are not

Figure 12. Comparison between the fluid-particle drag forces per unit volume of suspension calculated from eq 34 using R ) 0 and those calculated using
R ) 2.67 (λ/d ) 0.001). In parts a-c, ∆Re1 ) 0.05 and ∆Re2 ) 0.1; in part d, ∆Re1 ) 0.02 and ∆Re2 ) 0.1. Upward and downward triangles represent
-fD1
/ and -fD2

/ for R ) 2.67; diamonds and squares represent –fD1
/ and –fD2

/ for R ) 1.36; left- and right-pointing triangles represent -fD1
/ and -fD2

/ for
R ) 0.
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correlated to their local configurations. These assumptions
are satisfied in the limit of very large Stokes numbers. As
the Stokes number decreases, these assumptions become poor.
However, for most gas-fluidized beds, the Stokes numbers
are on the order of 100 or larger and hence our assumptions
are expected to be good approximations. It is also noted that
bidisperse gas-solid suspensions are known to be inherently
unstable, and particles species will segregate in the direction
perpendicular to the mean flow direction and form columns.48

However, as the instability is usually manifested on large
length scales, we expect that our drag law will apply on
sufficiently small differential volumes where segregation and
nonrandom distribution of particles are not critically impor-
tant and that this segregation should naturally emerge as an
instability mode of the Euler-Euler models.
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