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In this article, we extend the low Reynolds number fluid-particle drag relation pro-
posed by Yin and Sundaresan for polydisperse systems to include the effect of moder-
ate fluid inertia. The proposed model captures the fluid-particle drag results obtained
from lattice-Boltzmann simulations of bidisperse and ternary suspensions at particle
mixture Reynolds numbers ranging from 0 � Remix � 40, over a particle volume frac-
tion range of 0.2 � f � 0.4, volume fraction ratios of 1 � fi/fj � 3, and particle di-
ameter ratios of 1 � di/dj � 2.5. VVC 2009 American Institute of Chemical Engineers AIChE

J, 56: 1995–2004, 2010
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Introduction

Analysis of large scale gas-particle flows, which are
widely encountered in the chemical process industry, is com-
monly done using averaged equations of motion where the
individual particle phase(s) and the fluid are treated as inter-
penetrating continua.1–3 These equations contain several
terms—the fluid-particle drag force, the particle and fluid-
phase effective stresses, etc.—which require constitutive
relations. Among these, the fluid-particle drag plays a domi-
nant role in gas–solid fluidized beds in balancing the gravita-
tional force acting on the particles.2–8 A number of constitu-
tive relations for the fluid-particle drag in monodisperse sus-
pensions (i.e., particles of the same size/density) can be
found in the literature.1–3,9–14 Polydispersity (differences in
particle size and/or density) is common in most industrial
scale devices; addition of fines is known to affect the quality
of fluidization,15 and segregation is an important considera-
tion in polydisperse fluidized beds.16–18 Indeed, a substantial
amount of recent research has been devoted to the formula-
tion of fluid-particle drag relations for polydisperse fixed
beds and suspensions (for example see following references,
and the references cited therein).7,8,12,19 Beetstra et al.19 pro-
vide expressions for fluid-particle drag in polydisperse fixed

beds over a range of Reynolds numbers, while Yin and Sun-
daresan7,8 limit themselves to Stokes flow conditions, but
allow for relative motion (in the local average sense)
between the various types of particles.

This study builds on the earlier studies by Yin and Sun-
daresan7,8 and considers the effect of moderate inertia on the
fluid-particle drag in polydisperse systems, allowing for rela-
tive motion between the different types of particles. Towards
this end, we have carried out lattice-Boltzmann simulations
of fluid flow through assemblies of polydisperse particles in
periodic domains, and extracted the fluid-particle drag force
under conditions where fluid inertia has a non-negligible
effect. We find that the results can be captured reasonably
well by a new drag force model for polydisperse suspensions
that combines the expressions proposed by Yin and Sundare-
san7,8 for Stokes flow of suspensions and the inertial correc-
tion developed by Beetstra et al.19 for monodisperse fixed
beds. We restrict our attention to large Stokes number and
moderate Reynolds numbers based on the local-average slip
velocity between the fluid and the different types of par-
ticles; these conditions are indeed satisfied by most gas-fluid-
ized beds. Strictly speaking, the fluid-particle drag force will
also depend on the Reynolds number based on the fluctuat-
ing velocities of the particles20; however, in fluidized sus-
pensions, the fluctuating velocities of the particles tend to be
considerably smaller than the local-average fluid-particle slip
velocity, and so their effect on the drag force in only
weak.20 With this in mind, we have not engaged in a
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systematic study of the effect of particle velocity fluctuations
on the fluid particle drag in polydisperse systems.

This article is organized as follows: we first present the
fluid-particle drag relations proposed by Beetstra et al.19 for
polydisperse fixed beds and Yin and Sundaresan7,8 for poly-
disperse suspensions under Stokes flow conditions, and pro-
pose an extension of the Yin and Sundaresan7,8 expressions
to account for the effect of moderate fluid inertia. We then
outline the lattice-Boltzmann simulation procedure and pres-
ent the results for polydisperse suspensions with relative
motion between the different particle types at moderate fluid
inertia. These simulation results are then used to validate the
proposed drag force model. The article then concludes with
a summary of the main results.

Fluid-Particle Interaction Force in Polydisperse
Systems

Fixed beds

The total fluid-particle interaction force per unit volume
of a polydisperse fixed bed acting on particle of type i,
fDi-fixed, is usually expressed as

f i-fixed ¼ �/irPþ fDi-fixed; fDi-fixed ¼ �biDU (1)

where P is the local-average fluid pressure, /i is the volume
fraction of particles of type i, fDi-fixed is the fluid-particle drag
force per unit volume of the bed, bi is the volume-specific
friction coefficient for particles of type i, and DU is the
difference between the local average velocities of the particle
and fluid phases. It is convenient to express the fixed-bed
friction coefficient bi as

7,8,12,19

bi ¼
18/i 1� /ð Þl

d2i
F�
Di-fixed (2)

where / is the total particle phase volume fraction, di is the
diameter of the ith particle species, l is the fluid viscosity;
F�
Di�fixed is a dimensionless fluid-particle drag on a particle of

type i in a polydisperse fixed bed (F�
Di�fixed is nondimensio-

nalized by the Stokes drag, namely 3pldi (1 � /) DU). Yin
and Sundaresan8 recently proposed the following expression
for F�

Di�fixed for Stokes flow through polydisperse fixed beds
(particle diameter ratios up to 4:1):

F�
Di-fixed ¼

1

1�/

� �
þ F�

D-fixed �
1

1�/

� �
ayi þ 1� að Þy2i
� �

(3)

where yi ¼ di/hdi; hdi is the Sauter mean diameter

dh i ¼
X
i

nid
3
i

.X
i

nid
2
i ; (4)

F*
D-fixed is the dimensionless fluid particle drag force in a

monodisperse fixed bed12

F�
D-fixed ¼

10/

1� /ð Þ2 þ 1� /ð Þ2 1þ 1:5
ffiffiffiffi
/

p� �
(5)

and a is a cubic polynomial of volume fraction:

a ¼ 1� 2:66/þ 9:096/2 � 11:338/3: (6)

To account for the effects of moderate fluid inertia on the
monodisperse fixed bed drag force, Beetstra et al.19 modified
Eq. 5 as

F�
D-fixed ¼

10/

1� /ð Þ2 þ 1� /ð Þ2 1þ 1:5
ffiffiffiffi
/

p� � !
1þ vBVKð Þ:

(7)

where vBVK represents the inertial correction:

vBVK ¼ 0:413Re

240/þ 24ð1� /Þ4ð1þ 1:5
ffiffiffiffi
/

p Þ

� ð1� /Þ�1 þ 3/ð1� /Þ þ 8:4Re�0:343

1þ 103/Re
�ð1þ4/Þ

2

: ð8Þ

Here, Re is the Reynolds number, defined as follows

Re ¼ DUj j 1� /ð Þd
m

(9)

where m is the fluid kinematic viscosity.

Polydisperse suspensions with particle–particle
relative motion

Stokes Flow Regime. For high Stokes number, low Reyn-
olds number suspensions with particle–particle relative
motion, Yin and Sundaresan7,8 proposed the following drag
force model:

fi ¼ �/irPþ fDi; fDi ¼ �biDUi �
X
i 6¼j

bij DUj � DUi

� �
(10)

For one-dimensional flow, the drag force expression can be
written as

f �Di ¼ �b�i Rei �
X
j 6¼i

b�ij sgn DUj � DUi

� �
Reji; (11)

where, f�Di is the dimensionless fluid-particle drag force per
unit volume suspension experienced by particles of type i;
b�i ¼ qfhdi3

l2 bi is the dimensionless fixed bed friction
coefficient for particles of type i (with qf denoting the
fluid density and the dimensional friction coefficient bi
being given by Eqs. 2–6); b�ij ¼ qfhdi3

l2 bij is the (dimension-
less) fluid-mediated particle–particle drag friction coeffi-
cient; sgn (DUj � DUi) is the signum function of DUj �
DUi; Rei and Reji are given as

Rei ¼ dh i DUij j
m

; Reji ¼
dh i DUj � DUi

�� ��
m

: (12)

Note that the signum function is used in Eq. 11 to account
for the change in sign of the fluid mediated particle–particle
drag when the velocities of different particle types relative to
one another change sign, while still retaining a positive
definite form of Reji. For b�ij, Yin and Sundaresan8 proposed:
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b�ij ¼ �2aij
/i/j

/i

b�i
þ /j

b�j

(13)

where aij is a parameter that depends on the ratio of the
lubrication cutoff distance k (discussed later in this article) to
the smaller particle diameter of i and j species:

aij ¼ 1:313 log10
min di; dj

� �
k

� �
� 1:249: (14)

Modification to Account for the Effect of Moderate Fluid
Inertia. This study is concerned with extending the model
proposed by Yin and Sundaresan8 for Stokes flow regime to
account for moderate inertia. It will be demonstrated in this
article that a simple modification, which includes the inertial
correction for fixed beds proposed by Beetstra et al.,19,21 pre-
sented later, is able to capture drag force results extracted
from our lattice-Boltzmann simulations. Specifically, the
modified model consists of Eqs. 2–4, 6, 10, 12–14, and the
following:

F�
D-fixed ¼

10/

1� /ð Þ2 þ 1� /ð Þ2 1þ 1:5
ffiffiffiffi
/

p� � !
1þ v�BVK
� �

(15)

where v�BVK is given by:

v�BVK ¼ 0:413Remix

240/þ 24ð1� /Þ4ð1þ 1:5
ffiffiffiffi
/

p Þ

� ð1� /Þ�1 þ 3/ð1� /Þ þ 8:4Re�0:343
mix

1þ 103/Re
�ð1þ4/Þ

2

mix

: ð16Þ

These two equations differ from Eqs. 7 and 8 slightly, with Re
being replaced by Remix:

Remix ¼ DUmixj j 1� /ð Þ dh i
m

; DUmix ¼
P
i

/iDUiP
i

/i

� (17)

Effect of Particle Velocity Fluctuations. Strictly speak-
ing, whenever fluid inertia plays a non-negligible role, the
fluid-particle drag force is not independent of fluctuating par-
ticle motions.20 For monodisperse suspensions, Wylie et al.20

have modeled the effect of particle velocity fluctuations on
the fluid-particle drag in a large-Stokes-number, moderate-
Reynolds-number monodisperse suspension; toward this end,
they define a Reynolds number based on particle velocity
fluctuations as ReT ¼ dT0.5/m where the granular temperature
T ¼ (1/3)(h(DU)2i � hDUi2) and the angle brackets indicate
ensemble averages. They found that the effect of particle ve-
locity fluctuations on the fluid-particle drag is very small
provided ReT is much smaller than the Reynolds number
based on mean flow velocity and particle diameter (Rem).
Figure 1 illustrates the variation of the fluid-particle drag
with particle velocity fluctuations scaled by the fluid-particle
drag in the absence of particle velocity fluctuations plotted
with ReT/Rem for Rem ¼ 20 and two different values of par-
ticle volume fractions, as given by the theory of Wylie

et al.20 It is clear that when ReT/Rem is small the effect of
particle velocity fluctuations on the fluid-particle drag is
small. In Figure 2, we present results on the Rem/ReT ratio
obtained from a lattice-Boltzmann simulation of a collection
of bidisperse particles in a periodic domain, sedimenting
freely under the action of gravity. (Details of the lattice-
Boltzmann simulation methodology are discussed later.) The
two curves correspond to the two types of particles in the
mixture. It is clear that Rem/ReT is much larger than unity
for both particle types. The results from the study by Wylie
et al. for monodisperse systems (presented in Figure 1) then
suggest that in polydisperse systems such as those occurring
in gas-fluidized beds, the effect of particle velocity fluctua-
tions on the fluid-particle drag is quite small. With this in
mind, we have not explored the ReT-dependence of fluid-par-
ticle drag in the present study.

Lattice-Boltzmann Simulations

To generate the computational data needed to develop and
verify the fluid-particle drag force model, we simulated fluid
flow through assemblies of particles using the lattice-Boltz-
mann scheme developed by Ladd,22–24 which has been used
in a number of earlier studies.7,8,12,19,20,25,26 Ladd’s code has
been used by a number of investigators to study particle-
laden flows, and we have used the same code. As details
about the method are readily available in the literature, we

Figure 1. The effect of particle velocity fluctuations on
the fluid-particle drag force in a suspension
of uniformly sized spherical particles.

The Reynolds number associated with the mean slip velocity,
Rem ¼ 20. ReT refers to the Reynolds number associated with
the particle velocity fluctuations. The ordinate shows the
fluid-particle drag force in the presence of particle velocity
fluctuations scaled with respect to that obtained in the ab-
sence of velocity fluctuations (i.e., a random fixed bed). The
results are obtained using the model proposed by Wylie
et al.20 The two curves correspond to two different particle
volume fractions. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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provide only a brief outline of the computational procedure.
The 3-D lattice-Boltzmann method used in this study
employs at 19-point quadrature in velocity space, the so-
called D3Q19 model, with fluid density qf ¼ 36 (lattice units
[l.u.]). To access a range of Rem values, various fluid viscos-
ity values (lf ¼ 0.03 and 0.36 [l.u.]) were used, while still
maintaining low fluid velocities (\0.02 in [l.u.]) to ensure
numerical stability. The particle sizes used in this study var-
ied with the smallest particle diameter being �10 lattice
units. The effect of lattice resolution has been addressed by
comparing and extrapolating simulation results obtained
using different lattice resolutions.

When the separation between particles becomes smaller
than the lattice spacing, the hydrodynamic (lubrication) inter-
action between the particles cannot be resolved in the simu-
lations and are added explicitly.27 For perfectly spherical,
approaching particle pairs, the lubrication force would
diverge near contact; in reality, such a divergence is
removed by particle surface roughness, or non-continuum
effects. To model this effect, it is implemented in the simu-
lations that the lubrication force saturates at a value corre-
sponding to a user specified separation known as the lubrica-
tion cut-off distance (k). Yin and Sundaresan8 found that the

off-diagonal friction coefficient depended systematically on
the value of k (see Eqs. 13 and 14). In our simulations, we
used a value of k ¼ 0.01 (l.u.) for our lattice-Boltzmann
simulations performed at a fluid viscosity of lf ¼ 0.36 (l.u.).
In our simulations performed at a fluid viscosity of lf ¼
0.03 (l.u.), we assigned a value of k so that every lattice re-
solution had an identical k/min(di,dj) ratio equal to 0.001.

Our simulations began by placing a binary mixture of
spheres in a cubic periodic simulation domain whose sides
are 10–15 times larger than the diameter of the smaller parti-
cle. A large number of Monte Carlo movements of these
particles were then executed to ensure that the particle
microstructure obeyed that of a binary hard sphere configura-
tion.8 Subsequently, each particle type was assigned its
desired (local average) velocity (DU1 and DU2); this induced
fluid flow in the interstices of the particle assembly, whose
evolution was followed via lattice-Boltzmann method. To
ensure that the average fluid velocity approached zero, a
pressure gradient was imposed on the fluid phase. This pro-
vides a means of specifying DU1 and DU2 before the simula-
tion instead of extracting the values after the simulation by
subtracting the resulting fluid velocity. Once a steady state
was reached, the total fluid-particle interaction force Fi (en-
semble averaged fluid-particle interaction force per particle)
was obtained by integrating the traction due to the fluid over
the surfaces of all the like particles. The fluid-particle drag
was then isolated by removing the contribution due to the
imposed pressure gradient (see Eq. 10). The number of par-
ticles used in each simulation varied depending on the total
particle volume fraction, fluid viscosity, and volume fraction
ratios of each species; see Tables 1–3 for lists of performed
simulations. Typically 8–12 independent realizations of each
flow situation were performed to obtain good statistical aver-
ages of the fluid-particle drag on each particle type in the
mixture for chosen Re1 and Re2 values.

Strictly speaking, the linear and angular velocities and
positions of all the particles will change as the fluid flow
evolves, and they should be updated by invoking Newton’s
laws. It is then not possible to maintain a specified relative
velocity (in a local average sense) between the two particle
types, as it will also evolve in time. This consideration led
us to the so-called frozen particle simulations, where the par-
ticles were given specified velocities, and the positions and
velocities were not updated in time. Such an approach is jus-
tifiable in Stokes flow,8 but is only an approximation when
fluid inertia is significant. Frozen particle simulations are
attractive for several reasons:

(a) Freely evolving sedimentation of high-Stokes-number
suspensions are inherently unstable and form inhomogeneous
microstructure.6,28,29 Figure 3 illustrates the formation of in-
homogeneous, time-dependent microstructure in a freely
evolving ternary suspension simulation. The areas of dark
shading indicate areas high in volume fraction while lighter
shading indicates regions of lower volume fraction. (We
observed such inhomogeneous structures in simulations
involving sedimentation of monodisperse and bidisperse sus-
pensions as well. Thus, the origin of these structures is not
polydispersity, although polydispersity can certainly be
expected to affect the details.)

(b) In some freely evolving simulations where the relative
velocity between the different particle phases is large, the

Figure 2. The evolution of Rem/Ret as a function of s 5
tm/hdi2 in a freely evolving, bidisperse, sedi-
menting, suspension, where t is time in lattice
units, m is the fluid kinematic viscosity, and hdi
is the Sauter mean diameter of the mixture.

The diameters of the two particles indicated in the figure
are multiples of the lattice spacing. The Rem values indi-
cated in the figure are the statistical average values in the
plateau region. The volume fraction of each particle type is
the same. The collisions between the particles are elastic.
The simulation was carried out in a cubic periodic box of
dimension L ¼ 110 lattice spacing, containing 144 Type 1
and 29 Type 2 particles. The particle density to fluid density
ratio is 1000. d1 ¼ 9.6 and d2 ¼ 16.4, giving a total particle
volume fraction of / ¼ 0.1. A gravitational force ghdi3/m2
¼ 0.897 is applied in the x-direction, and balanced by a
pressure gradient equal to the weight of the suspension per
unit volume. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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different types of particles tend to segregate. Extracting data
on drag force from simulations with such inhomogeneities is
very difficult, as the local average volume fractions and local
relative velocities in any selected region within the periodic
domain are all changing with time.

Frozen particle simulations suppress such inhomogeneities
and allow us to compute fluid-particle drag in homogeneous
mixtures.

To test the adequacy of frozen particle simulation tech-
nique for moderate-Reynolds-number suspensions, we

Table 1. List of Bidisperse Suspension Simulations Performed at a Total Volume Fraction of / 5 0.2

N1 N2
d2
d1

/1 /2 Re1 Re21 d f�D1 f�D2
763 763 1.00 0.10 0.10 1.16 0.50 �1 7.96 3.12
763 763 1.00 0.10 0.10 2.31 1.00 �1 15.98 6.28
763 763 1.00 0.10 0.10 5.78 2.50 �1 40.76 16.21
763 763 1.00 0.10 0.10 11.55 5.00 �1 94.94 43.86
763 763 1.00 0.10 0.10 1.00 2.00 �1 9.66 �9.65
763 763 1.00 0.10 0.10 2.00 4.00 �1 19.35 �19.32
763 763 1.00 0.10 0.10 5.00 10.00 �1 49.12 �49.11
763 763 1.00 0.10 0.10 10.00 20.00 �1 101.23 �101.08
175 175 1.00 0.10 0.10 26.62 13.33 �1 269.96 68.97
175 175 1.00 0.10 0.10 22.79 5.67 �1 206.12 120.83
175 175 1.00 0.10 0.10 56.97 14.16 �1 824.59 565.40
95 36 2.00 0.05 0.15 35.34 13.74 1 290.24 689.42
191 24 2.00 0.10 0.10 2.45 1.87 1 22.30 22.13
191 24 2.00 0.10 0.10 28.86 12.42 1 358.72 295.77
191 24 2.00 0.10 0.10 13.34 5.32 1 135.11 98.66
186 36 2.50 0.05 0.15 5.12 3.70 1 33.36 72.89
382 24 2.50 0.10 0.10 4.38 3.32 1 43.08 37.48
382 24 2.50 0.10 0.10 14.99 19.21 1 7.96 3.12

Ni, dj/di, /i, Rei, Reji, d ¼ sgn(DUj � DUi), and f�Di represent the particle number, diameter ratio, volume fraction, Reynolds number of particles of type i, Reyn-
olds number based on the magnitude of the relative velocity between particles of type j and i, the sign of the relative velocity between particles of type j and i,
and the dimensionless fluid-particle drag force experienced by a particle of type i, respectively, in the simulation domain. The fluctuation velocities were zero in
all the simulations.

Table 2. List of Bidisperse Suspension Simulations Performed at a Total Volume Fraction of / 5 0.3

N1 N2
d2
d1

/1 /2 Re1 Re21 d f�D1 f�D2
1144 1144 1.00 0.15 0.15 1.26 0.50 �1 20.07 8.18
1144 1144 1.00 0.15 0.15 2.52 1.00 �1 40.23 16.43
1144 1144 1.00 0.15 0.15 6.30 2.50 �1 102.05 42.07
1144 1144 1.00 0.15 0.15 12.61 5.00 �1 211.85 89.09
1144 1144 1.00 0.15 0.15 1.09 0.67 �1 22.52 �13.09
1144 1144 1.00 0.15 0.15 2.17 1.35 �1 45.08 �26.18
1144 1144 1.00 0.15 0.15 5.43 3.37 �1 113.51 �65.52
1144 1144 1.00 0.15 0.15 1.00 2.00 �1 23.75 �23.72
1144 1144 1.00 0.15 0.15 2.00 4.00 �1 47.54 �47.50
1144 1144 1.00 0.15 0.15 5.00 10.00 �1 119.71 �119.58
1144 1144 1.00 0.15 0.15 10.00 20.00 �1 244.87 �244.54
1144 1144 1.00 0.08 0.23 0.96 0.41 �1 12.11 �16.82
1144 1144 1.00 0.08 0.23 1.91 0.83 �1 24.24 �33.65
1144 1144 1.00 0.08 0.23 4.78 2.07 �1 60.93 �84.38
1144 1144 1.00 0.08 0.23 9.57 4.13 �1 123.89 �170.51
1144 1144 1.00 0.08 0.23 0.83 0.35 1 13.02 �31.84
1144 1144 1.00 0.08 0.23 1.65 0.69 1 26.05 �63.81
1144 1144 1.00 0.08 0.23 4.13 1.74 1 65.42 �161.51
1144 1144 1.00 0.08 0.23 8.26 3.47 1 132.66 �334.59
1144 1144 1.00 0.08 0.23 1.22 0.50 �1 10.31 13.22
1144 1144 1.00 0.08 0.23 2.43 1.00 �1 20.65 26.50
1144 1144 1.00 0.08 0.23 6.09 2.50 �1 52.17 67.25
1144 1144 1.00 0.08 0.23 12.17 5.00 �1 107.34 139.68
261 261 1.00 0.15 0.15 13.32 6.69 �1 238.35 58.69
261 261 1.00 0.15 0.15 11.40 2.83 �1 187.06 106.56
261 261 1.00 0.15 0.15 22.80 5.67 �1 424.40 249.74
261 261 1.00 0.15 0.15 45.60 2.75 �1 1124.20 980.51
261 261 1.00 0.15 0.15 26.63 13.37 �1 545.12 143.36
287 36 2.00 0.07 0.23 31.41 10.57 1 452.82 1131.90
287 36 2.00 0.15 0.15 15.05 9.41 �1 357.20 18.60
287 36 2.00 0.15 0.15 22.46 13.00 1 522.72 495.49
287 36 2.00 0.15 0.15 4.29 4.00 1 73.97 100.50
287 54 2.50 0.08 0.23 6.03 3.68 1 69.56 182.89
574 36 2.50 0.15 0.15 17.91 19.20 1 307.35 602.51
574 36 2.50 0.15 0.15 5.08 3.32 1 81.40 106.01

See Table 1 for definition of symbols.
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compared the fluid-particle drag results obtained from frozen
simulations where the particle positions were not updated in
time with those obtained from simulations where the par-
ticles were allowed to move but treated as elastic granular
gas (as in Wylie et al.20), (i.e., the particles do not respond
to fluid-particle drag, but execute elastic collisions). In these
test simulations, all the particles were of the same size and
computations were done at various grid resolutions. Both
types of simulations had the same Rem, ReT, and particle
volume fraction. The hydraulic radius of the interstitial
region is given by,

rh ¼ dh i 1� /ð Þ
6/

: (18)

As resolution increases, the particle diameter-to-lattice spacing
ratio, d, and the hydraulic radius-to-lattice spacing ratio, rh,
increase. In Figure 4, we have plotted the fluid-particle drag
obtained from both granular gas and frozen simulations as a
function of r�2

h for two different combinations of Rem and ReT.
It is clear that the two approaches yield different estimates for
the fluid-particle drag force at any finite grid resolution; this
difference decreases as the value of r�2

h decreases (which is
equivalent to increasing resolution). It is also clear that the
fluid-particle drag varies linearly with r�2

h as already noted by
van der Hoef et al.12 and Beetstra et al.19; when the fluid-
particle drag results are extrapolated to infinite resolution, the
difference between frozen and granular gas simulations
becomes small. Therefore, in our work we have performed
frozen particle simulations at a minimum of two different

Table 3. List of Bidisperse Suspension Simulations Performed at a Total Volume Fraction of / 5 0.4

N1 N2
d2
d1

/1 /2 Re1 Re21 d f�D1 f�D2
1526 1526 1.00 0.20 0.20 1.39 0.50 �1 45.54 19.21
1526 1526 1.00 0.20 0.20 6.97 2.50 �1 230.66 98.07
1526 1526 1.00 0.20 0.20 13.94 5.00 �1 475.01 205.31
1526 1526 1.00 0.20 0.20 1.13 0.76 �1 50.24 �28.64
1526 1526 1.00 0.20 0.20 2.26 1.53 �1 100.55 �57.29
1526 1526 1.00 0.20 0.20 5.66 3.81 �1 252.63 �143.35
1526 1526 1.00 0.20 0.20 11.31 7.63 �1 513.37 �287.58
1526 1526 1.00 0.20 0.20 1.00 2.00 �1 52.59 �52.57
1526 1526 1.00 0.20 0.20 2.00 4.00 �1 105.27 �105.21
1526 1526 1.00 0.20 0.20 5.00 10.00 �1 264.49 �264.35
1526 1526 1.00 0.20 0.20 10.00 20.00 �1 537.42 �537.16
1526 1526 1.00 0.20 0.20 56.98 14.16 �1 2958.50 1500.60
1526 1526 1.00 0.20 0.20 26.62 13.33 �1 1095.60 188.30
1526 1526 1.00 0.10 0.30 0.93 0.37 �1 26.33 �37.05
1526 1526 1.00 0.10 0.30 1.87 0.74 �1 52.68 �74.14
1526 1526 1.00 0.10 0.30 4.67 1.84 �1 132.11 �185.82
1526 1526 1.00 0.10 0.30 9.34 3.68 �1 266.95 �374.74
1526 1526 1.00 0.10 0.30 0.74 0.53 �1 27.89 �70.98
1526 1526 1.00 0.10 0.30 1.47 1.05 �1 55.82 �142.17
1526 1526 1.00 0.10 0.30 3.68 2.63 �1 139.98 �358.78
1526 1526 1.00 0.10 0.30 7.37 5.26 �1 282.54 �737.08
1526 1526 1.00 0.10 0.30 1.33 0.50 �1 23.20 30.75
1526 1526 1.00 0.10 0.30 2.66 1.00 �1 46.46 61.61
1526 1526 1.00 0.10 0.30 6.64 2.50 �1 117.08 155.72
1526 1526 1.00 0.10 0.30 13.29 5.00 �1 239.34 320.85
191 72 2.00 0.10 0.30 33.50 9.61 1 822.50 2227.80
382 48 2.00 0.20 0.20 11.39 6.48 1 357.27 483.58
382 48 2.00 0.20 0.20 33.39 18.68 1 1327.50 1750.80
382 48 2.00 0.20 0.20 6.68 3.74 1 209.30 275.27
382 72 2.50 0.10 0.30 7.27 3.68 1 156.08 436.63
764 48 2.50 0.20 0.20 5.95 3.32 1 198.29 231.38
764 48 2.50 0.20 0.20 21.44 19.21 1 771.13 1285.10

See Table 1 for definition of symbols.

Figure 3. Space-time plot of volume fraction in a freely
evolving ternary suspension.

The vertical axis is time, and the horizontal axis is the posi-
tion in the simulation domain. The variations in the gray
scale indicate variations in volume fraction with the darker
regions corresponding to regions of higher volume fraction.
This simulation was performed in a 200 � 70 � 70 periodic
box. The particle diameters used in this simulation were d1 ¼
7.6, d2 ¼ 9.6, and d3 ¼ 11.6, with respective particle numbers
of N1 ¼ 56, N2 ¼ 120, and N3 ¼ 24, giving a total particle
volume fraction of / ¼ 0.1. A gravitational force ghdi3/m2 ¼
1.11 � 10�2 is applied in the x-direction, and balanced by a
pressure gradient equal to the weight of the suspension per
unit volume. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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resolutions and extrapolated the fluid-particle drag to the
infinite resolution case using a linear fit as illustrated in Figure
4. At higher fluid viscosities like lf ¼ 0.36, we have found that
extrapolation of the fluid-particle drag results is unnecessary.
It can be seen in Figure 4c that while the fluid-particle drag at
any finite resolution differs between frozen and moving
simulations, the fluid-particle drag results indeed approach one
another in the limit of infinite resolution. Furthermore, if one
focuses on the dependence of the fluid-particle drag from the
frozen simulation case in Figure 4c (for a higher lattice
viscosity) as a function of r�2

h it can be seen that the fluid-
particle drag changes by about 1.6% from the lowest
resolution case to the extrapolated fluid-particle drag. Because

of the decreased dependence of the fluid-particle drag on grid
resolution at higher fluid viscosities, the drag results given at
lf ¼ 0.36 were not extrapolated in an attempt to decrease the
computational demand of the study.

Frozen Particle Simulation Results

Tables 1–3 give a list of the simulations performed at
each volume fraction in this work. The fluctuation velocities
of the particles were set to zero. The total force acting on
the two types of particles and the pressure gradient required
to maintain the average fluid velocity at zero were extracted
from the simulations. The fluid-particle drag force on the

Figure 4. Dimensionless fluid-particle drag force as a function of grid resolution.

Shown are results obtained from frozen particle simulations and those obtained from simulations where the particles were allowed to
move as granular gas. All the particles were of the same size. Both types of simulations had the same Rem, ReT, and particle volume frac-
tion. (a) Rem ¼ 7, ReT ¼ 0.6; lf ¼ 0.03 (lattice units), (b) Rem ¼ 20, ReT ¼ 1.2; lf ¼ 0.03 (lattice units), and (c) Rem ¼ 7, ReT ¼ 0.6; lf¼ 0.36 (lattice units).
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two particle types was then found using Eq. 10a and made
dimensionless using the following relationship: f�Di ¼ qfhdi3 fDi/
l2f . These drag results were then compared with values found
from the drag force model given by Eqs. 2–4, 6, and 11–17.
Figures 5a–c show parity plots comparing the model with simu-
lation data; the proposed model fits the data reasonably well
with an average deviation between model and simulation being
about 5%, while the maximum deviations were about 25%.

To demonstrate that our proposed fluid-particle drag rela-
tion can be generalized to polydisperse mixtures of spheres
with nonzero particle–particle relative motions, we per-
formed two ternary suspension simulations at / ¼ 0.21 and
/ ¼ 0.3. Table 4 gives the ternary fluid-particle drag results
obtained from lattice-Boltzmann simulations with the pre-
dicted fluid-particle drag obtained from Eqs. 2–4, 6, and 11–
17. It can be seen that the proposed model captures the

Figure 5. Parity plots showing the simulated fluid-particle drag force and that predicted by the proposed drag
force model for bidisperse systems with different particle sizes, volume fraction ratios and Reynolds
numbers summarized in Tables 1–3.

Results are shown for three different total volume fractions: (a) / ¼ 0.2, (b) / ¼ 0.3, (c) / ¼ 0.4.
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fluid-particle drag results of the ternary suspension simula-
tions with an average deviation of 12.5%.

Figure 6 illustrates that the fluid-mediated (hydrodynamic)
particle–particle drag (namely, the second term on the right
hand side of Eq. 11) accounts for 0–30% of the fluid-particle
drag force in a bidisperse suspension depending on the mag-
nitude of the relative velocity between particle species. From
Figure 6, it can be seen that the importance of the fluid-
mediated particle–particle drag increases as particle diameter
ratio is increased, leading to the conclusion that increases in
particle diameter ratio for a fixed Remix and Re12 increases
the contribution of the fluid-mediated particle–particle drag
to the total fluid-particle drag experienced by a particle of a
given type.

The fluid-mediated particle–particle drag force can be
compared with the particle–particle drag that results from
direct collisions between particles of different types, for
which Syamlal30 proposed the following:

f �i�j ¼ �6/i/jg0Re
2
ijsgn DUi � DUj

� � qi
qf

� �
qj
qf

� �
qi
qf
þ qj

qf

0
@

1
A (19)

where g0 is the radial distribution function (for the ij pair) at
contact for a polydisperse hard sphere mixture. This leads to:

f �D�i�j

f �i�j

¼
6a 1� /ð Þ F�

Di-fixedF
�
Dj-fixed

� �
g0Reij F�

Di-fixed þ F�
Dj-fixed

� � qi
qf

� �
þ qj

qf

� �
qi
qf

� �
qj
qf

� �
0
@

1
A: (20)

Since
F�
Di�fixedF

�
Dj�fixed

F�
Di�fixed

þF�
Dj�fixed

is only weakly dependent on Reynolds

number, the most significant dependence on Reynolds number
comes through Reij, and therefore as the difference between
the Reynolds numbers of different particle species increases,
the collisional particle–particle drag dominates the fluid-
mediated particle drag term. The quantitative analysis of Yin
and Sundaresan7 about the relative importance of the fluid-
mediated particle–particle drag and that due to collisions in the
Stokes flow regime remains largely unchanged even in the
presence of moderate inertia.

Summary

In this study, we combine the fluid-particle drag relation
described by Yin and Sundaresan7,8 for low Reynolds num-
ber flows and that for fixed beds under moderate fluid inertia
given by Beetstra et al.19 and construct a drag force model
that applies to polydisperse, high-Stokes-number, and moder-

ate-Reynolds-number suspensions of spherical particles,
where the local average velocities of particles of different
types are not the same. The proposed fluid-particle drag
force model is summarized by Eqs. 2–4, 6, 11–17.

To test this model, a number of lattice-Boltzmann simula-
tions of fluid flow in polydisperse assemblies of particles
were carried out from which computational data on fluid-par-
ticle drag were gathered. The particle mixture Reynolds
number was varied from 0 � Remix � 40, over a particle
volume fraction range of 0.2 � / � 0.4, with volume frac-
tion ratios of 1 � /i//j � 3, and particle diameter ratios
varying from 1 � di/dj � 2.5. Within this parameter range,
the proposed fluid-particle drag relation predicts the fluid-
particle drag in bidisperse and ternary systems with an aver-
age deviation of 5% and 12.5%, respectively.

Table 4. List of Ternary Suspension Results at / 5 0.21 and
/ 5 0.3

/ ¼ 0.21 / ¼ 0.3

/1//2/3 0.07/0.07/0.07 0.10/0.10/0.10
d1/d2/d3 14.0/17.5/35.0 14.0/17.5/35.0
N1/N2/N3 261/134/17 373/191/24
hdi 19/1 19.1
Re1/Re2Re3 6.8/9.1/28.3 8.3/10.6/29.9
f�D1/f

�
D2/f

�
D3 (simulation) 30.2/48.4/128.1 81.9/105.7/269.3

f�D1/f
�
D2/f

�
D3 (proposed model) 31.5/41.9/130.2 60.5/83.7/294.4

See Table 1 caption for definition of symbols.

Figure 6. The fluid-mediated particle-particle drag
force (normalized with the total fluid-particle
drag force) as a function of Re12 for the pro-
posed fluid-particle drag relation at two
different diameter ratios: (a) d1:d2 5 1, (b)
d1:d2 5 2.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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