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The spatial non-uniformities and temporal fluctuations in the normal stress transmitted across a sheared
granular layer have been studied through a combination of experiments in a Jenike shear cell equipped with
normal force (stress) transducers imbedded on the bottom shearing surface and discrete element method
(DEM) simulations. Experiments were carried out with particles of different sizes and layers of different
thicknesses; the normal stress was measured at several different shearing rates and at several positions on
the bottom surface. The DEM simulations revealed a direct link between the spatial inhomogeneities and
temporal fluctuations in the stress recorded in our measurements. We found that the dependence of the
average normal stress on the bottom surface as a function of height mirrored that in Janssen's analysis of
stresses in wall-bounded static assemblies.
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1. Introduction

The transmission of stresses through stationary and sheared dense
granular layers is a subject of fundamental interest in Powder Me-
chanics. Specifically, one seeks tofind forces exerted on stationarywalls
and moving objects inside flowing powders and these are the result of
transmitted stresses from boundaries and from the weight of the
material. These stresses are transmitted differently when the powder is
stationary from when it is shearing or even moving in plug flow.

Pressure (normal stress) measurements are relatively simple in
fluids and entail mounting a pressure transducer at the point of
interest. Granular layers present complications since Pascal's law does
not apply and the formation of force chains in stationary or slowly
sheared particle assemblies (in the so-called quasi-static regime)
results in stress inhomogeneities. These inhomogeneities and fluctua-
tions can sometimes be as large as or even larger than the mean stress
values [1,2]. Continuum models [19–26] do not reflect these kinds of
behavior and only predict average stresses. While there have been
several studies on stress inhomogeneities on the bottom surface of
static granular piles [1,3,4], similar measurements in slowly sheared
assemblies, where both inhomogeneities and fluctuations exist, are
limited [2,5]. Yu and Tichy [26,27] used a rotational shear cell to
measure stresses in a shearing layer, focusing on the rapid granular
flow regime where particle interactions are dominated by collisions;
ourmeasurements have been performed in the slow and intermediate
regime where frictional stress transmitted through enduring contact
is important and collisions play a minor role. The goal of the study
by Yu and Tichy [26,27] was to demonstrate the effect of “granular
lubrication” and to calculate the total carrying force of the system and
not to study the transmission of stresses in a granular layer, which we
consider in our study.

The objective of the present study is to probe through a com-
bination of experiments and discrete element method (DEM) simu-
lations the non-uniformities in stresses transmitted across a sheared
granular layer. Towards this end, we employed the classical Jenike cell
(commonly used to measure internal and wall friction coefficients),
where we added normal force (stress) transducers on the shearing
bottom wall and applied known normal stresses to the upper surface
of the granular layer. Using this experimental technique we compared
the normal stress applied to the top surface of the particle assembly
with stresses recorded by the normal stress sensors on the bottom.
Particles of different sizes were tested in layers of different thick-
nesses and at different shearing rates, and the transmitted stress was
recorded at several locations on the bottom surface and analyzed.
Complementary DEM simulations were performed to further eluci-
date the connection between the spatial inhomogeneities and tem-
poral fluctuations recorded by the sensors and the role of friction on
side walls.

Our measurements and analysis, described below, reveal that the
normal stresses are transmitted through thin layers without signif-
icant attenuation provided thematerial is in continuous shear, but large
fluctuations are introduced especially for rigid materials such as glass
particles. These fluctuations are more pronounced as the ratio of the
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size of the particles to the size of the sensor is increased. The height
(thickness) of the sheared layer plays an important role in trans-
mitting stress, much like that in Janssen's analysis of stresses in wall-
bounded static assemblies [6].

2. Experimental

2.1. Selection and calibration of a sensor system to measure normal stresses

While the selection and purchase of a sensor system appears to
be a rather mundane and simple undertaking, this is not the case for
stress sensors used in granular systems. In fact, such instrumentation
is not available commercially and there are two ways of solving the
problem: either construct the system “in house” or re-engineer an
existing system developed for a different application. We employed
the second route after failing to develop our own sensors and being
unable to use several other systems developed for different purposes
by other vendors.

Two systems, manufactured by Tekscan, Inc., one with and the
other without remote sensing, were selected; a picture of the sensor is
shown in Fig. 1. Since these sensors were developed for a different
application (namely, sensing forces in athlete's shoes and on car seats)
and are made of very fine, interwoven plastic and conductive layers,
it was necessary to apply a protective film and to re-calibrate the
unit for each experiment. To perform the calibration, the sensor was
mounted on a removable Lucite substrate to enable the transport of
the calibrated device from calibration to the experimental unit.

Calibration was performed in the instrument depicted in Fig. 1
where the calibration pressure was applied on top by an Instron-type
indenter (Texture Analyzer) and the sensor was situated on the Lucite
strip, as shown. The force applied by the indenter was measured by
the Texture Analyzer and divided by the active area of the sensor (area
delimited by the black circle, approximately 1.1 cm2) to yield the
appropriate applied normal stress. The indenter was chosen to match
the size of the sensitive element and the calibration procedure was
repeated several times before and during experiments. In this way,
the normal stress applied on the sensor was transformed into a DC
voltage that could be simply monitored by a data acquisition system
controlled by a computer.

Following calibration, the stress sensor and the Lucite strip are
introduced into the powder flow by cutting an appropriate groove
into the boundary (wall) so as to keep the sensor flush with the
surface. Since the thickness of the sensor is less the 0.1 mm (see Fig. 1)
and is covered by a thin protective film, as mentioned above, there
Fig. 1. Picture representing the Tekscan stress sensor and the calibration unit.
is practically no interference from the sensor to the moving powder
layer. In addition, specific experiments with sensors in different po-
sitions were carried out and no measurable interference was ob-
served. The attenuating effect of the protective film is taken into
account as the sensor is calibrated as shown in Fig. 1.

2.2. Stress transmission through slowly shearing granular layers

Experiments were carried out in a conventional Jenike shear cell. A
schematic representation of the granular layer with a normal stress
applied to the top and a sensor mounted at the bottom is shown in
Fig. 2. The load on the top was applied using the classical Jenike
“frame” and the circular cover with a raised point in the center [12] to
assure that the stress is evenly distributed as shown in Fig. 3a. Fig. 3b
and c shows the empty cell with the Lucite strip and the pressure
sensor mounted on it. Two smooth (aluminum and Lucite) walls and
several “rough” walls were used by gluing different grain-size sand
papers on thewall of the device as seen in Fig. 3b. One or more rings of
the device were used in order to increase the thickness of the granular
layer. The sensor was located 7 mm off the central cord of the cell
perpendicular to the direction of shearing at zero displacement as
shown in Fig. 3c. During a typical experiment, the cell moved at
2.3 mm/min over a distance of about 2 cm [12].

A variety of particles from large to fine, spherical and odd-shaped
and cohesive and free flowing were tested; a sample is given in
Table 1. The specific examples of particles chosen for discussion in this
paper were imposed by the limitations of the DEM simulation that
require very long times, of the order of weeks, for small particles. The
overall behavior of the transmitted stress for other powders is
qualitatively similar to the examples presented below.

Fig. 4 gives a typical response curve, transmitted normal stress (in
kPa) vs. time (in s), for a bed of 2 mm glass beads in a 2.6 cm thick
layer. There are several stages in applying the load: in the empty cell,
the measured stress was zero as it should be (“no load” in the figure).
A normal stress of 6.9 kPa (1 psi) was then applied to the static bed
and, as seen in the figure, the sensor only “recorded” approximately
1.4 kPa (0.2 psi). As the bed was sheared in the subsequent phase, the
stress increased and started to fluctuate around the 6.9 kPa (1 psi)
average value. As the normal stress on the top cover was increased to
13.8 kPa (2 psi), the average value measured by the sensor also
increased and fluctuated around the same value as long as shearing
was applied. The fluctuations are clearly large (∼50% of the average
stress). At the point where the shearing stopped, the bed “froze” at
about 13.8 kPa (2 psi) and the stress went to zero as the layer was
unloaded.

Fig. 5 presents additional results using larger particles: 5 mm glass
beads and an applied normal stress of 6.9 kPa (1 psi). While the
average stress during shearing was only 5% higher than the applied
Fig. 2. Schematic representation of Jenike cell arrangement.



Fig. 3. (a) Jenike shear cell; with sensor on (b) rough wall. Sensor is situated
approximately 7 mm off-center at zero displacement.

Fig. 4. Normal stress variation in a Jenike shear cell: 6.9 kPa (1.0 psi) and 13.8 kPa (2.0 psi)
applied to 2 mm glass beads. Layer height=2.6 cm.
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normal stress, stress fluctuations were larger compared to the smaller
particles (see Fig. 4), about 70% of the average value. Results in Figs. 4
and 5 are somewhat similar in that the measured stress is always
smaller then the applied stress under static conditions andwe observe
“freezing” of thematerial once the shearing stops.While shearing is in
Table 1
Materials studied in the Jenike cell.

Particle size
[mm]

Material Applied normal
stress [kPa]

Layer thickness
[L, cm]

Remarks

5.0 Glass 6.9 and 13.8 1.6, 2.6, 3.0, 6.0 Spherical
3.0 Glass 6.9, 13.8 and 20.7 1.6 and 2.6 Spherical
4.0 Polyethylene 6.9 6.0 Not spherical

Polyethylene 6.9 6.0 And rough
2.0 Glass 6.9 and 13.8 1.6, 2.6, 3.0, 4.7 Spherical

Cast steel 6.9 and 13.8 1.6 and 3.0
1.5 Glass 13.8 1.5

Glass 6.9 1.6 and 2.6
1.0 Glass 6.9 1.6, 3.0, 4.7, 6.4

Crushed glass 6.9 1.6, 3.0, 4.7, 6.4 Odd shaped
Polyethylene 6.9 and 13.8 3.0 Not spherical
Cast steel 6.9 and 13.8 1.6 and 3.0
EPDM
elastomer

6.9 3.0 Shredded
tire

0.5 Glass 6.9 3.0 Spherical
Glass 6.9, 13.8 and 20.7 1.6 and 2.6 Not spherical
Sand 6.9 and 13.8 1.6, 2.6 and 3.2 Angular
Detergent 6.9 and 13.8 1.6 and 2.6 Cohesive

0.1 Glass 6.9 and 13.8 1.6, 2.6 and 3.0
Acrylic 6.9 1.6 and 2.6 Not spherical
process however, the applied and measured stresses become more or
less equal. We note that the measured stress fluctuates, sometimes
significantly, depending on particle size. This is mainly due to the fact
that, since the cell has a constant volume, the number of larger
particles is significantly smaller then the number of smaller particles
(5 mm in diameter as compared to 2 mm in diameter). Consequently
when the same load is applied, each larger particle carries a larger
portion of the load. This larger portion is then transmitted to the
transducer that either senses the presence of the particle (when the
particles roles over it) or not (when the particle rolls off the sensor),
giving rise to fluctuations that are smaller with smaller particles and
larger with large particles. Care was taken to use “small enough”
particles so that the sensor can see a sufficiently large number of them
at any given time: about 25 in the case of 2 mm in diameter spheres.
Results with 5 mm particles are less reliable since the sensor can “see”
only about 5–7 particles at any one time. This may have also resulted
in larger fluctuations of the measured stress.

In summary, we found that the normal stress was transmitted to
the sensor mounted on the base mostly unaltered through thin layers
of non-cohesive powders when the layers were in shear. The normal
stress was not transmitted to the base uniformly in static layers as the
material “froze” depending on its history: an initially unstressed layer
transmitted to the base only a portion of the normal stress while a
previously stressed material maintained its internal stress levels until
it was unloaded. While there are a number of theoretical studies to
model granular beds [13–17], the subject of stress transmission was
not addressed directly.

In order to understand these results more thoroughly, we set out
to perform discrete element simulations (DEM) of particles subjected
Fig. 5. Normal stress variation in a Jenike shear cell: 6.9 kPa (1.0 psi) applied to 5 mm
spherical glass beads. Layer height=2.6 cm.



Fig. 7. Normal stress variation in a fast Jenike shear cell. A normal stress of 6.9 kPa (1.0 psi)
was applied to 2 mmspherical glass beads and the shearingwas done at 15 mm/s. A single
sensing element was situated 7 mm off-center.
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to similar stress and deformation histories. Unfortunately, such sim-
ulations proved to be extremely slow (of the order of weeks) owing to
the very long shearing times at the slow shear rates employed in the
experiments. It became apparent that experiments would have to be
run at much faster rates to keep the running times as short as possible
so that steady state could be reached much earlier. This prompted us
to devise an experimental system to study stress transmission inmore
rapidly sheared dense assemblies and examine if the results obtained
at faster shear rates differed from those described above. Such faster
shear conditions are also more relevant to industrial applications.

2.3. Stress transmission through rapidly shearing granular layers

An instrument (henceforth referred to as the “fast” Jenike cell since
the only difference compared to a conventional shear cell is its capa-
bility of faster shearing) was specially built to enable shearing of
particles in the Jenike geometry at higher rates. The instrument was
constructed as an addition to the moving arm of a tableting machine
(donated to CCNY byMerck and Co. Inc.). A picture of the cell with the
lower part of the driving mechanism and the detail of the cell itself
with the stress sensor mounted on the bottom are shown in Fig. 6. The
dimensions of the cell and the stress sensor are identical to those used
in the traditional Jenike test. The loading of the cell with the normal
force is also similar except that the weight is added at the top of the
device instead of using the Jenike “frame” [12].

The cell executes a back-and-forth movement from the initial
position shown in the detail in Fig. 6. After a short pause, the back-
and-forth movement is repeated. Usually, up to 4–5 cycles were per-
formed during one experiment. The unit has adjustable speed from
approximately 1.5 mm/s (∼90 mm/min as compared to the tradition-
al Jenike cell at 2.3 mm/min) to approximately 150 mm/s. Several
experiments were performed at different speeds and with different
particles, employing a single sensor in some and multiple sensors in
the rest of the experiments.

As seen in Fig. 6, the lower plate used for these experiments was a
Lucite sheet (angle of wall friction ϕ∼17° with glass particles). The
stress sensor was kept flush with the bottom at all times. Due to the
relatively fast movement of the cell and the fact that there was a finite
layer of material in the cell, the granules tended to move in a cir-
culation type movement: up the approaching vertical wall and away
from the departing wall. This created an uneven upper surface as the
cell moved back-and-forth and resulted in the tilting of the applied
Fig. 6. Picture of “fast Jenike cell” with driving mechanism.
weight. To diminish this movement and keep the weight horizontal, it
was necessary to employ deeper cells made of up to four Jenike “rings”
creating a cell that was approximately 60 mm deep in all experiments
in this series.

A typical experimental result is shown in Fig. 7. The cell was not
sheared for the first 115s of the experiment and therefore the stress in
the figure is displayed only from t=100 s. A normal stress of 6.9 kPa
(1 psi) was applied, resulting in a jump in the sensed stress to about
3.8 kPa (0.4 psi). This behavior is similar to the one seen in the
(conventional) slow Jenike cell (see Figs. 4 and 5). Upon shearing at
15 mm/s, the sensed stress fluctuated significantly with an average of
about 41% above the applied load.

The spatial non-uniformity of stress transmitted to the base was
studied through experiments where two-sensor locations were used:
(a) identical to the position in the conventional slow Jenike cell, i.e.,
7 mm off-center (as shown in Fig. 6) and (b) two sensors mounted as
depicted in Fig. 8; the starting and ending positions of the sensors are
2.35 cm and 1.9 cm from the walls of the cell while the stroke of the
movement is 5.25 cm.

Figs. 9 and 10 depict sample results obtained with the two-sensor
assembly shown in Fig. 8. The stress fluctuations were significant and
were larger than what was observed earlier for the case of slow shear
Fig. 8. Measurements in the “fast Jenike cell”. Position of the two stress sensors on the
bottom plate of the cell: (a) ring movement to the right; (b) ring movement to the left.



Fig. 9.Measurements in the “fast Jenike cell” using two sensors. The sensor positions are
shown in Fig. 8. A load of 6.9 kPa (1 psi) was applied to a bed of 5 mm glass beads at
t=118 s. Layer depth=2.6 cm, sheared at 16 mm/s. Between cycles the cell remained
motionless with the applied load.
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(see Fig. 5). It appears reasonable to conclude that the fluctuations
in dense assemblies increased with increasing shear rate (compare
Figs. 5, 9 and 10). Note that during the time when the cell is not under
shear between cycles, the stresses recorded by the two sensors were
essentially frozen; this stress level at a given location on the base may
be above or below the average value. It is also apparent from Figs. 9
and 10 that the stress transmitted to the base was spatially inhomo-
geneous as the stresses measured at different locations were quite
different and also showed different fluctuations in time.
Fig. 10. Measurements in the “fast Jenike cell” using two sensors. The conditions are as
in Fig. 9, except that only a single cycle is shown and the shear rates are (a) 1.8 mm/s
and (b) 7.7 mm/s.
We examine below the connection between the spatial inhomoge-
neity and the temporal fluctuations in the transmitted stress through
DEM simulations of the Jenike shear cell.

3. Computational

The goal of the present computations is to elucidate the relation-
ships between granular stress transmission, layer thickness and sen-
sor size. We have performed DEM simulations using the LAMMPS
code, a parallel particle simulator developed at Sandia National Lab-
oratory [7]. These simulations are based on a linear spring-dashpot
model to calculate forces between particles, which interact only on
contact [8]. The value of the spring constant is chosen to be large
enough to minimize particle interpenetration, yet not so large as to
require an unreasonably small simulation time step. The tangential
force at each contact is computed by keeping track of the elastic shear
displacement throughout the lifetime of a contact. As the shear dis-
placement increases, the tangential force reaches the limit imposed by
a static yield criterion, characterized by a local particle friction coef-
ficient μ. The tangential force is then truncated to satisfy Coulomb's
law. The model allows for contact forces and friction between the
particles and the walls in the same way as described for two particles,
but with infinite mass and diameter for the walls. Readers are referred
to our previous papers for further details of the model [9,10] The
simulation domain and the number of particles were chosen to cor-
respond to those employed in the Jenike shear cell experiments; the
shear was imposed in the simulations by moving the bottom wall at a
prescribed velocity as in the experiments. The numerical values of the
DEM model parameters used for the simulations are listed in Table 2.
The simulations were performed on two 3.0 GHz Intel Xeon dual core
processors. The computational times range from about one day to a
week, depending on the simulation time and number of particles.

3.1. Simulation of the Jenike shear cell experiment

Fig. 11a shows a short-duration simulation corresponding to the
Jenike experiment described in Fig. 4, where a bed of 2 mmglass beads
was sheared on a Lucite wall at a translational velocity of 2.3 mm/min
(standard Jenike cell speed) with an applied normal stress of 13.79 kPa.
The normal stress was calculated by summing all the contact forces
betweenparticles and the shearingwall over an identical circular area as
the sensitive element of the experimental sensor (1.1 cm). The sensing
element was situated as in the experiment (7 mm off-center). This
simulation required very long computational time and so it could not
be continued for the full duration of the experiment; as a result, the
fluctuations seen in the experiment could not be verified. Nevertheless,
the normal stress measured on the sensor approximately agrees with
the average value measured in the experiments.

Fig. 11b shows the summation of all particle contacts on the
bottom of the cell and one can see that the average normal stress at
Table 2
DEM computational parameters.

Inter-particle normal stiffness coefficient (kn) 200,000 k0
Inter-particle tangential stiffness coefficient (kt) (2/7) kn
Inter-particle normal damping coefficient (γn) 40/t0
Inter-particle tangential damping coefficient (γt) 0
Inter-particle friction coefficient (μ) 0.1
Inter-particle restitution coefficient 0.9
Particle-wall normal stiffness coefficient 200,000 k0
Particle-wall tangential stiffness coefficient (2/7) kn
Particle-wall normal damping coefficient 50/t0
Particle-wall l tangential damping coefficient 25/t0
Friction coefficient between particle and top and bottom wall 0.19
Friction coefficient between particle and cylindrical wall 0.26

Note: k0=mg/d, t0 =
ffiffiffiffiffiffiffiffiffiffi
d= g

p
.



Fig. 11. Simulation of Jenike experiment with 2 mm glass beads described in Fig. 4.
(a) Normal stress at the sensor location; (b) normal stress averaged over the entire
bottom wall and the average shear stress supported by the cylindrical wall.

Fig. 12. Simulation of Jenike experiment with 5 mm glass beads in “fast” Jenike cell
(described in Fig. 9). In the legend, the y=14 mm and y=−25 mm indicate the two
sensors with different distances to the central line as shown in Fig. 8. Ds/d=1.9.
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the base was indeed very close to that applied (with the side walls
contributing a negligible amount). Results of the slow Jenike cell sim-
ulation did confirm that DEM could indeed be employed to explore
stress distribution in this type of shearing experiment. However, in
order to capture the dynamic fluctuations during the shearing process,
one must either increase the simulation time (which was impractical)
or perform simulations at faster shearing rates. As mentioned earlier,
this consideration motivated the fast Jenike cell experiments and the
corresponding simulations are discussed below.
3.2. Simulations of the “fast” Jenike cell

Normal stresses obtained using DEM simulations are shown in
Fig. 12, and these canbe compared to the experimental results presented
earlier in Fig. 9. (Ds/d=1.9, where d is the particle diameter and Ds is
the diameter of the sensor area). The total number of particles in the
experiment and in the simulation was the same (∼5000); other geo-
metrical and physical characteristics were also matched between the
experiment and simulation. Fig. 12 shows the normal stress response
over two cycles of the (fast) Jenike cell (at 16 mm/s.). The circles on the
time axis refer to the followingevents in order— load, begin cycle 1, hold
following the end of cycle 1, start cycle 2, hold following the end of
cycle 2; these are analogous to the stages in the experiments where
the duration between the cycles (where the stresses stayed essentially
frozen) was longer. One can readily see from Figs. 9 and 12 that in both
simulations and experiments the normal stresses recorded by the two
sensors oscillated significantly and that the range of the oscillations seen
in the experiments was reproduced reasonably accurately by the simu-
lations. The different stresses measured by the two sensors are clearly
visible in Fig. 12 showing the spatially inhomogeneous nature of the
stress distribution. The frequency of the oscillations differed somewhat
between the experiments and simulations,whichmay be a consequence
of factors such as sampling frequency and departure from spherical
particle shape in the experiments.

Encouraged by the similarity between the simulated results and
the experimental data presented above, we carried out a number of
additional simulations to examine how the stress is transmitted across
the granular layers.

The granular assembly configurations were varied in two ways: (a)
keep the ratio of the column diameter to the particle diameter, D/d,
constant (at 9.5) and vary the ratio of granular column height to the
column diameter,H/D; (b) keepH/D constant and vary D/d. The vertical
forces acting on the entire bottom surface and on the side (cylindrical)
walls of the cell were extracted from the simulations. These were then
used to compute the average normal stress acting on the bottom surface
and the average shear traction (pointing in the vertical direction) acting
on the side walls of the cell. Also extracted from the simulations were
the normal stresses recorded by several different sensors located at
the bottom surface. Two types of computational sensors were devised:
(i) “dynamic” sensors mimicking those used in the experiments and
move relative to the cylindrical side walls at the shearing velocity; (ii)
hypothetical “static” sensors that remained in the same location relative
to the cylindricalwalls even though the bottomsurfacewasmoving. The
sensor diameter Ds was also varied to test the spatial averaging effect.
The dimensional results presented here are calculated based on a par-
ticle diameter d=5mm and density ρ=2600kg/m3. A constant ex-
ternal loading force equal to 48.5 N was maintained for all cases. A
Cartesiancoordinate systemwasusedwith theorigin at the center of the
bottom surface of the cylinder and the z-axis pointingdownwards in the
gravity direction.

Fig. 13 shows the variation of the vertical forces on the side and
bottom walls (panel a) and the average normal stress on the bottom
wall (scaled by mg/d2, where m is the mass of a particle) (panel b)
with H/D. (Force is positive in the gravity direction. 6.9 kPa is equiv-
alent to the dimensionless stress of 102.5.) The quantities shown



Fig. 13. (a) The variation of total forces in the gravity direction (z-axis) on the bottom and side walls with H/D. D/d=9.5. (b) The average normal stress on the bottom wall vs. H/D
and a Janssen-type exponential function fitted to the data.
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represent the average values during steady shear (the error being
comparable to the size of the symbols used in the plots). The load
supported by the bottomwall decreased with increasing H/D and that
supported by the side wall increased. The normal stress variation
followed an exponential decay and could be fitted by a function in the
same form as used in the Janssen analysis [6], i.e.

σzzd
2

mg
= a 1− exp − H =D

4μwK

� �� �
+ b exp − H =D

4μwK

� �
ð1Þ

K =
1− sinϕi

1 + sinϕi
ð2Þ

where a and bwere used as adjustable parameters; μw (=0.19) is the
wall friction coefficient, K is the Janssen constant and ϕi is the
(macroscopic) angle of internal friction (estimated to be ∼15°
according to a correlation between the macroscopic angle of friction
and the inter-particle friction coefficient μ=0.1 used in the simula-
tions [11]). The friction coefficient values used in the simulations were
close to those measured for the system used in the experiments.
According to Janssen's analysis, the coefficients a and b can be
calculated as

a =
6ϕ D= dð Þ
4πμwK

; b = Q0d
2
=mg ð3Þ

where ϕ is the volume fraction and Q0 is the surcharge. The ex-
ponential relation of the normal stress vs. H/D suggests that the
normal stress transmission across the depth of a granular assembly
during the Jenike-cell shearing was similar to that for a static granular
assembly. Based on the parameters used in the simulations and Eq. (3),
their values were estimated to be 23 and 410, respectively. However,
the best fit to the DEM results yielded a=61 and b=516, which were
used for thefitted curve shown in Fig. 13(b).While the two values for b
are close, the two values for a are quite far apart, suggesting that the
applicability of Janssen's analysis to the shearing system is tenuous in
the sense that there are likely to be significant quantitative differences
between the shearing and static systems.

The temporal variations of the normal stresses recorded by the
“dynamic” sensors for various H/D ratios in Fig. 13 are plotted in
Fig. 14a–f. Sensors of three different diameters, Ds/d=1.9. 3.8 and 7.6
were used. Initially before shearing starts, the three sensors were
located at the center of the cylindrical base and one sensor of diameter
Ds/d=1.9 was located 2d away from the center. (This configuration of
two sensors of the same diameter at different locations was selected
to simulate the two-sensor configuration in the experiments.) The
shearing velocity was set to 16mm/s along the x-axis (assuming that
d=5 mm) and the load (equivalent to 28 kPa in these cases) was
added at 0.226 s. The shearing started at 0.452 s; the shear was re-
versed at 1.582 s and stopped at 2.712 s. Consider Fig. 14(a) first: the
normal stress values recorded by the Ds/d=1.9 sensor, which moved
along the x-axis and is denoted by the black solid line in the figure,
were small before the load, reached a steady value about 41 kPa after
the load and started to fluctuate around 28 kPa when the shearing
was started. The magnitude of fluctuations was as large as 100% of the
average. The normal stress on the other sensor of same size, denoted
by the green dotted line, had different values at both the loading and
shearing periods but demonstrated similar fluctuations. This result is
consistent with the observation in experiments with two sensors. The
comparison between data on these two sensors shows that the stress
was distributed inhomogeneously on the bottom plate. The normal
stress on the sensor with larger diameter of Ds/d=3.8 denoted by the
red dashed-line, had much smaller fluctuations (up to ∼50% of the
average). The trend that the fluctuations became smaller as the areas
of the sensors increased can be seen in Fig. 14(b)–(f) as well. This
trend also reflects the spatial inhomogeneity of the stress distribution.
(Correspondingly, in experiments, when the particle sizewas reduced,
the normal stress measured on the same-sized sensor fluctuated less.)

The temporal variations of the normal stresses recorded by the
“static” sensors for various H/D ratios in Fig. 13 are plotted in Fig. 15a–f.
Data were collected on five sensors, four of which were distributed
90° apart on a circle with diameter equal to 0.5D and the fifth one
being located at the center. The system experienced the same loading,
shearing and no-shear stages as in Figs. 13 and 14. It is clear that the
stresses recorded by each sensor manifested a transient behavior at the
beginning of each stage (more obvious at the beginning of shear and
upon shear reversal) and were different from each other at different
locations. However, differently from the data on dynamic sensors, the
values recorded by the static sensors were nearly constant (although
different from each other) during steady shear. These results confirm
the spatial inhomogeneity of thenormal stress; furthermore, they reveal
that the temporal fluctuations observed on the dynamic sensors during
the steady shear were largely due to the fact that a dynamic sensor
sampled different spatial locations within the Jenike cell during the
shearing motion and not due to any large fluctuation in the stresses in
the assembly of particles.

The simulations performed at different D/d ratios (while holding
H/D constant) manifested the same trends for the dynamic and static
sensors as discussed above in Figs. 14 and 15. Therefore, further dis-
cussion of these simulations is not necessary.



Fig. 14. Normal stresses recorded by the dynamic sensors vs. time. H/D=0.7 (a); 1.4 (b); 2.4 (c); 5.3 (d); 10.7 (e); and 21.3 (f). The first three legends are for sensors located initially
at the center of the cylinder, while the fourth one is for the off-center sensor, unless denoted otherwise. The time points separating the loading, shearing, shear reversal and no-shear
periods are marked by red dots on the time axis.
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4. Summary

It is abundantly clear from our normal stress measurements using
two sensors mounted on the shearing bottom surface of the com-
monly used Jenike shear cell that appreciable spatial inhomogeneities
exist in the stress transmitted from the top to the bottom surface
of the granular layer. Furthermore, each stress sensor records large
temporal fluctuations in normal stress as the material is sheared. The
spatial inhomogeneities (at any given time instant) and the temporal
fluctuations (recorded by any one sensor) are of comparable



Fig. 15. Normal stresses recorded by the static sensors vs. time. H/D=0.7 (a); 1.4 (b); 2.4 (c); 5.3 (d); 10.7 (e); and 21.3 (f). The five sensors in each panel are located as follows: one
is at the center of the cylinder's base and the other four are located 90° apart on a circle with diameter equal to 0.5D. Since the specific location of a sensor is not interest here, the lines
in the plots are not differentiated. Ds/d=1.9. The time points separating the loading, shearing, shear reversal and no-shear periods are marked by red dots on the time axis.
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magnitude. The stress fluctuations recorded by a sensor became larger
as the sensor diameter to particle diameter ratio was decreased, layer
depth was increased and the assembly was sheared faster.
DEM simulations employing a spring-dashpot model with appro-
priate constants to describe the stiffness and plasticity of the material
are able to qualitatively reproduce the spatial inhomogeneity and
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temporal fluctuations seen in the experiments, thus validating the
simulations. Further DEM simulations performed using a combination
of static and dynamic sensors reveal the link between the spatial in-
homogeneity and temporal fluctuations in normal stress in the sheared
granular layer inside the Jenike cell. Althoughwe did notmeasure shear
stresses, it is expected that the same spatial inhomogeneity and tem-
poral fluctuations must exist for shear stresses as well.

The average normal stress transmitted to the bottom of a granular
assembly is an exponentially decaying function of the ratio of the
height of the granular assembly to the confining cylinder diameter H/
D and reaches an asymptotic value for large H/D. This is not controlled
by the ratio of the cylinder diameter to the particle diameter D/d, nor
by the number of layers of particles in the assembly H/d. This ex-
ponential relationship bears a similarity to that for wall-bounded
static assembles as shown by Janssen's analysis.

Nomenclature

d particle diameter (mm)
D Jenike cell diameter (mm)
Ds sensor diameter (mm)
H granular column height (mm)
g gravitational acceleration (m/s2)
K Janssen constant
L layer thickness (cm)
m mass of a particle (kg)
Q0 surcharge
t time (s)

Greek letters
ϕ particle volume fraction
ϕi angle of internal friction
μ inter-particle friction coefficient
μw wall friction coefficient
ρ density (kg/m3)
σ stress (kPa)
σzz normal stress on the bottom wall (kPa)
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