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Flow characteristics of bidisperse mixtures of particles fluidized by a gas predicted by the mixture based

kinetic theory of Garzó et al. (2007a,b) and the species based kinetic theory model of Iddir and

Arastoopour (2005) are compared. Simulations were carried out in two- and three-dimensional

periodic domains. Direct comparison of the meso-scale gas-particle flow structures, and the domain-

averaged slip velocities and meso-scale stresses reveals that both mixture and species based kinetic

theory models manifest similar predictions for all the size ratios examined in this study. A detailed

analysis is presented in which we demonstrate when the species based theory of Iddir and Arastoopour

(2005) will reduce to a mathematical form similar to the mixture framework of Garzó et al. (2007a,b).

We also find that the flow characteristics obtained for bidisperse mixtures are very similar to those

obtained for monodisperse systems having the same Sauter mean diameter for the cases examined;

however, the domain-averaged properties of monodisperse and bidisperse gas-particle flows do

demonstrate quantitative differences. The use of filtered two-fluid models that average over meso-

scale flow structures has already been described in the literature; it is clear from the present study that

such filtered models are needed for coarse-grid simulations of polydisperse systems as well.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Polydisperse (e.g. particles differing in size and/or density)
gas-particle flows arise throughout the petrochemical, pharma-
ceutical, and energy conversion industries in fluidized beds, risers
and pneumatic conveying devices. Despite the ubiquity of flui-
dized bed units in the chemical process industry the effect of
polydispersity on the hydrodynamic behavior of fluidized beds
remains poorly understood. The addition of a small amount of fine
particles to an otherwise monodisperse fluidized bed is known to
promote uniform fluidization (Squires et al., 1985; Yates and
Newton, 1986). However, increasing the concentration of fine
particles is known to result in macroscopic segregation between
particles of different sizes when the superficial gas velocity is
between the minimum fluidization velocity of the largest and
smallest particle species (Rowe and Nienow, 1976; Geldart et al.,
1981; Peeler and Huang, 1989; Hoffman et al., 1993; Joseph et al.,
2007). There also exists a substantial amount of controversy on
the role of bubbles in the mixing/segregation of different particle
species in fluidized beds. Some argue that bubbles act as mixing
agents in fluidized beds (Wu and Baeyens, 1998), while others
ll rights reserved.
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esan).
argue that the bubbles tend to exacerbate the segregation of large
particles (Rowe et al., 1972). Recent experimental work has
demonstrated that segregation is correlated with the static height
of the fluidized bed, but not the bubble parameters (Chew and
Hrenya, in press).

Hydrodynamic (or continuum) model frameworks allow one
to interrogate the physical mechanisms at play in the mixing/
segregation phenomena in polydisperse gas-particle flows. These
continuum model frameworks treat particle and fluid phases as
interpenetrating continua (Gidaspow, 1994; Fan and Zhu, 1998;
Jackson, 2000). Using the assumption of that particles in fluidized
beds and risers interact predominantly through binary collisions,
several researchers have developed kinetic theory based consti-
tutive models for the stress in the particle phase and applied
these models to the analysis of gas-particle flows (Lun et al.,
1984; Sinclair and Jackson, 1989; Ding and Gidaspow, 1990;
Koch and Sangani, 1999). There has been a considerable effort
over the past 20 years devoted towards the extension of these
monodisperse kinetic theories to account for polydispersity (for
recent review, see Hrenya, 2011). Jenkins and Mancini (1989)
constructed a model for binary particle mixtures assuming
equipartition of granular energy. However, it was later shown
via theory, experiments, and simulations that the assumption of
equipartition of granular energy was invalid due to the fact that
granular systems exhibit collisional dissipation of pseudothermal
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energy unlike molecular systems (Garzó and Dufty, 1999; Wildman
and Parker, 2002; Clelland and Hrenya, 2002). Several polydisperse
kinetic theory models have since been derived without the con-
straint of equipartition of granular energy. Broadly speaking, these
models adopt either a species or mixture based framework.

In the species based framework, evolution equations for species

mass, momentum, and granular energy are formulated for each
phase. Kinetic theories using this model framework have been
derived for both binary (Huilin et al., 2001) and general poly-
disperse systems with many different components (Iddir and
Arastoopour, 2005). Benyahia (2008) compared several species

based polydisperse kinetic theories against molecular dynamics
simulation results of Galvin et al. (2005) for simple shear flows
and found the theory derived by Iddir and Arastoopour (2005) to
match most closely the data.

In contrast, the mixture kinetic theory model framework only
requires the solution of mixture momentum and fluctuating
energy balance equations along with separate evolution equa-
tions for the individual species concentrations. The individual
species velocities and granular temperatures are updated through
algebraic constraints relating mixture properties to the constitu-
ent particle species. Kinetic theory models of this form are begin
to appear in the literature (Garzó et al., 2007a,b; van Sint
Annaland et al., 2009a,b). The number of differential balance
equations in the mixture treatment is lower than that in the
species treatment, and this difference in the number of equations
increases with the number of species. It is reasonable to suspect
that this difference would lead to lower CPU times for the mixture

framework, which will be tested as a part of this study.
While there has been some work devoted to the simulation of

segregation and bubbling phenomena of bidisperse gas-particle
flows using the mixture and species based kinetic theory frame-
works (Huilin et al., 2003; Owoyemi et al., 2007; Fan and Fox,
2008; van Sint Annaland et al., 2009b), there exists relatively few
studies attempting to directly compare the predictions of the
species and mixture based polydisperse kinetic theory model
frameworks for a set of test cases.

The first objective of this work is to perform a direct compar-
ison of the mixture based kinetic theory of Garzó et al. (2007a,b)
(GHD theory) with the species based kinetic theory model of Iddir
and Arastoopour (2005) (IA theory) for two different binary
particle size distributions (PSDs). The PSDs used in this study
are intended to span a wide range of particle size and particle
volume fraction ratios. A direct comparison of the meso-scale gas-
particle flow structures along with domain-averaged slip velo-
cities and meso-scale stresses predicted by each kinetic theory
framework will be presented. Furthermore, we follow an analysis
similar to Goldman and Sirovich (1967) to establish a criteria
where we expect the species based IA kinetic theory framework to
have a similar mathematical form to the mixture based GHD
kinetic theory model.

The second objective of this work is to compare the domain-
averaged quantities obtained from bidisperse gas-particle flow
simulations with those obtained for equivalent monodisperse
systems having the same Sauter mean diameter. It will be shown
that both monodisperse and bidisperse gas-particle flows man-
ifest qualitatively similar flow structures.

The final objective of this study is to demonstrate the need for
the development of sub-grid models to enable accurate coarse-
grid simulation of continuum models for bidisperse gas-particle
flows. It is known that filtered two-fluid model equations are
necessary to perform coarse-grid simulations of monodisperse
gas-particle flows without neglecting the consequences of
the fine scale structures that occur on a sub-grid scale (Agrawal
et al., 2001; Andrews et al., 2005; Igci et al., 2008). We present
filtered statistics on the fluid-particle drag force in a bidisperse
gas-particle flow, and illustrate that filtered models similar to
what are required for the accurate simulation of monodisperse
gas-particle flows on coarse numerical grids are indeed necessary
for polydisperse systems as well.
2. Continuum model equations

In this work we seek to compare the predictions of species and
mixture based polydisperse kinetic theories for two different
polydisperse mixtures of particles. The two polydisperse kinetic
theory models, the polydisperse fluid-particle drag model, and
the numerical implementation used to solve the mono- and
bi-disperse gas-particle flow problems are presented in this
section.

2.1. Iddir–Arastoopour (IA) kinetic theory model

The Iddir–Arastoopour kinetic theory model consists of the
following set of balance equations for particle species concentra-
tion, momentum, and fluctuating energy (Iddir and Arastoopour,
2005):
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Here, rsi
, fi, ni, mi, vi, and Ti refer to the density, volume fraction,

number density, mass, velocity and granular temperature of the
ith particle species, respectively. The fluid density, velocity, and
volume fraction are denoted by rf , vf , and Ef , respectively. In
Eq. (3), ssi

represents the stress tensor of the ith particle species,
Fi represents the sum of external forces experienced by particles
of type i, and s is the number of particle species in the poly-
disperse mixture. In Eq. (4), fDi

is the fluid-particle drag force per

unit volume suspension experienced by a particle of type i, sf

represents the gas phase stress tensor, and g is the gravitational
acceleration. In all gas-particle flow simulations performed here,
the Newtonian constitutive equation is assumed for the gas phase
stress. The particle–particle collisional momentum exchange
between types Iim defined in Eqs. (3) and (5) is given by
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In Eq. (8) m0 ¼miþmm, eim is coefficient of restitution for
collisions between particles of type i and m, and gim is the radial
distribution function at contact for a bidisperse mixture of
particles of types i and m. The terms R0, R2, R3, R4, and R10 in
Eqs. (7), (9)–(11) are given as
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In Eq. (5), qi represents the granular energy flux term of a particle
of type i, and Nip is the collisional dissipation of granular energy
due to inelastic collisions. In Eq. (6), Vi is the volume of the ith
particle type and FDi

is the fluid-particle drag force per particle

experienced by a particle of type i. Constitutive relations for ssi
,

qi, and Nip can be found in Iddir and Arastoopour (2005) and
Galvin (2007).

2.2. Garzó, Hrenya and Dufty (GHD) kinetic theory model

Mixture based kinetic theory models require the solution of
individual species mass balance equations, and the balance
equations for the mixture velocity and granular energy. Individual
species velocities and temperatures are obtained from the mix-
ture quantities and local composition using constitutive relations,
which take the form of a set of non-linear algebraic equations.
This allows one to simulate a polydisperse gas-particle flow with
many different constituent particle species without having to
solve an evolution equation for the momentum and fluctuating
energy of each particle type. One such mixture framework was
recently developed by Garzó et al. (2007a,b) for polydisperse
granular flows with arbitrary levels of particle inelasticity. The
GHD kinetic theory model has the following form:
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where rs is the mixture density (given as rs ¼
Ps

i ¼ 1 rsi
fi), v is

the mixture velocity (given as v¼
Ps

i ¼ 1 rifivi=ð
Ps

i ¼ 1 rifiÞ), ss is
the solid phase stress of the mixture, n is the mixture number
density (defined as n¼

Ps
i ¼ 1 ni), T is the mixture granular

temperature (defined as T ¼
Ps

i ¼ 1 niTi=
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i ¼ 1 niÞ, q is the mixture
granular energy flux, z is the cooling rate of the mixture, Fi is the
sum of external forces given by Eq. (6), and joi

is the flux of a
particle of type i relative to the mixture. In Eq. (21), the second
term on the right-hand side represents the rate of production of
pseudothermal energy due to shear, while the third term is the
rate of dissipation of granular energy by inelastic collisions. The
fourth and fifth terms in Eq. (21) represent the production of
mixture granular energy due to gradients in the mass flux and
products of external forces and mass fluxes of a particle of type i.
Individual species velocities are obtained via algebraic constraints
for the mass flux of a particle of type i which are given as follows:
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where Dij is the ordinary diffusivity of particles of type i in
particles of type j, DT

i is the thermal diffusivity of a particle of
type i, and DF

ij is the mass mobility of particles of type i in particles
of type j. The cooling rate z is can be represented as follows:

z¼ z0
þzUr � v ð23Þ

where z0 is the zeroth order cooling rate and zu is the cooling rate
transport coefficient. Individual species granular temperatures
can be obtained by demanding equality of zeroth order cooling
rates for each particle species (i.e. z0

1 ¼ z0
2 ¼ � � � ¼ z0

s ). Constitutive
relations for Dij, DT

i , DF
ij, q, ss, z

0 and zU can be found in Murray
et al. (in press).

2.3. Range of validity of the kinetic theory approach

Strictly speaking, kinetic theory models, be it mixture or species

based, rely on the assumption that the particle phase Mach
number is less than unity (Fox, 2008). This assumption arises
due to the restrictions that are imposed when performing the
Chapman–Enskog expansion that are used to derive kinetic
theory based models of gas-particle flows (Garzó et al., 2007a).
For monodisperse systems the condition of small particle phase

Mach number is given as Ma¼ v=
ffiffiffiffiffiffiffiffiffiffi
T=m

p
o1 (here particle mass

appears because both GHD and IA kinetic theories include particle
mass in the definition of granular temperature). For bidisperse
systems there is an additional constraint on the validity of the
Chapman–Enskog expansion, namely that the Mach number
based on particle velocity differences between each species

(Ma12 ¼ jv1�v2j=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T1=m1þT2=m2

p
) is less than unity (Valiveti and

Koch, 1999). From our simulations (to be presented later) we find
that the particle phase Mach number can be greater than unity in
our periodic domain simulations; however, these regions tend to
have vanishingly small particle concentration. Moreover, we find
that if we construct particle phase averages considering only
regions where the particle phase Mach number is much smaller
than unity (i.e. Ma12r0:3). There are only small (� 2%) quanti-
tative changes in our results for domain-averaged quantities.
Therefore, we find that the effect of finite Mach number in our
simulations is rather small for the domain-averaged particle
volume fractions presented in this work. This can be rationalized
by the fact that the clustered regions dictate the dynamics
of the gas-particle flow, and in these regions the particle
phase Mach number is less than unity. We suspect that as the



W. Holloway et al. / Chemical Engineering Science 66 (2011) 4403–44204406
domain-averaged volume fraction decreases the violation of the
finite Mach number condition will have a larger impact on the
dynamics of the gas–solid flow.
2.4. Fluid-particle drag force model

In most gas-particle flows the fluid-particle drag force is the
dominant term that balances the weight of the particles, and
terms involving the divergence of the particle phase stress play a
secondary role (Jackson, 2000; Ten Cate and Sundaresan, 2006). In
fact recent studies reveal that drag models derived from direct
numerical simulations predicted very different segregation pro-
files and bubble dynamics than models based on ad-hoc exten-
sions of monodisperse drag models (Beetstra et al., 2006;
Leboreiro et al., 2008). Beetstra et al. (2006) found that drag
models derived from direct numerical simulations provided the
best agreement with experimental observations of segregation in
polydisperse fluidized bed simulations. With this in mind, a
polydisperse fluid-particle drag model derived from direct
numerical simulations has been used in all simulations presented
here. The form of the polydisperse drag model is given as follows
(Holloway et al., 2010; Yin and Sundaresan 2009a,b):

fDi
¼ biDvi�

Xs

ja i

bijðDvj�DviÞ ð24Þ

where Dvi is the slip velocity between solid and fluid phases
(defined as Dvi ¼ vf�vi), bi is the fixed bed friction coefficient for
a particle of type i, and bij is the fluid-mediated particle–particle
friction coefficient. The fixed bed friction coefficient can be
written as follows (van der Hoef et al., 2005):
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where f is the total particle volume fraction, mf is the dynamic
viscosity of the fluid phase, di is the diameter of the ith particle
species, and Fn

Di�fixed is the dimensionless fixed bed fluid-particle
drag force experienced by a particle of type i in a polydisperse
assemblage of particles (here Fn

Di�fixed is normalized by the Stokes
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In Eq. (27), /dS is the Sauter mean diameter of the particle
assembly. The parameter a in Eq. (26) is given as

a¼ 1�2:66fþ9:096f2
�11:338f3

ð28Þ

Eq. (26) effectively relates the fluid-particle drag force of a
particle of type i in a polydisperse fixed bed Fn

Di�fixed to the fluid-
particle drag force in a monodisperse fixed bed Fn

D�fixed at the same
volume fraction. In order to account for the effect of finite fluid
inertia on the fluid-particle drag force in polydisperse suspen-
sions Holloway et al. (2010) proposed:
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Here Remix is the mixture Reynolds number defined as
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The fluid-mediated particle–particle friction coefficient bij can be
written in terms of the fixed bed friction coefficient of particles of
type i and j as

bij ¼�2aij

fifj

fi

bi
þ

fj

bj

ð32Þ

where aij is written as

aij ¼ 1:313log10

minðdi,djÞ

l

� �
�1:249 ð33Þ

In Eq. (33), l represents the lubrication cutoff distance. This
distance corresponds to the point at which lubrication forces
saturate between two approaching spheres as a result of either
asparities on the particle surface or non-continuum effects.
In all simulations performed in this work the default value of
l¼ 1� 10�6 m was used.

2.5. Numerical implementation

The polydisperse kinetic theory model frameworks and the
fluid-particle drag model outlined in the previous subsections were
simulated using the Multiphase Flow with Interface eXchanges
(MFIX) computational software (Syamlal, 1998). The MFIX software
utilizes a variable time step, staggered grid, finite volume method
for the solution of the continuum models for gas-particle flows.
The numerical procedure in MFIX is based on the semi-implicit
method with pressure-linked equations (SIMPLE) algorithm for the
iterative solution of the continuum model equations. The partial
elimination algorithm is used to effectively decouple the solution
of the gas and solid phase momentum balances (Spalding, 1980).
In order to minimize numerical diffusion in our simulations, we
employ a second-order-accurate Superbee discretization of convec-
tive terms. Similar numerical approaches have been employed in
the literature for the simulation of polydisperse gas-particle flows
(Fan et al., 2004; Fan and Fox, 2008). In both kinetic theory models
discussed above we added a frictional particle phase stress con-
tribution given by Srivastava and Sundaresan (2003) to prevent the
systems under investigation from over-packing.

The two- and three-dimensional simulations presented in sub-
sequent sections were performed using doubly and triply periodic
domains, respectively, to eliminate the effect of boundary condi-
tions from consideration in the comparison of the mixture and
species based kinetic theory approaches. In order to fluidize the
systems under investigation, a vertical pressure gradient was
imposed on the system to balance the weight of the suspension.
3. Results and discussion

Two different binary PSDs are used in the comparison of GHD
and IA kinetic theory models. A detailed list of particle properties
can be found in Table 1. The PSDs used in this study were chosen
to mimic those used in the experiments of Chew et al. (submitted
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for publication), and they span a wide range of particle size and
volume fraction ratios.

3.1. Grid resolution studies

It is well known that continuum model simulations of mono-
disperse gas-particle flows manifest grid size dependent results
Fig. 1. Snapshots of the particle volume fraction obtained from two-dimensional simul

structures emerge as grid resolution is increased. Domain size: 16 cm �64 cm. (a) 8

dependent structures were also found in simulations with the IA polydisperse kinetic

Table 1
List of simulation cases. In all simulations presented here, a single coefficient of

restitution was used to characterize collisions between particles of the same and

different species.

Monodisperse cases Case A Case B

d 2.70�10�4 m 1.90�10�4 m

rs 2.50�103 kg/m3 2.50�103 kg/m3

rf 1.30 kg/m3 1.30 kg/m3

mf 1.80�10�5 kg/(m s) 1.80�10�5 kg/(m s)

e 0.99 0.99

f 0.15 0.15

vt 5.51 m/s 2.71 m/s

Bidisperse cases Case C Case D

d1 6.50�10�4 m 2.13�10�4 m

d2 1.70�10�4 m 1.28�10�4 m

/dS 2.70�10�4 m 1.90�10�4 m

rs1
2.50�103 kg/m3 2.50�103 kg/m3

rs2
2.50�103 kg/m3 2.50�103 kg/m3

rf 1.30 kg/m3 1.30 kg/m3

mf 1.80�10�5 kg/(m s) 1.80�10�5 kg/(m s)

e 0.99 0.99

f1 0.075 0.122

f2 0.075 0.028

f 0.15 0.15

vt1
22.53 m/s 2.79 m/s

vt2
1.83 m/s 1.06 m/s

vt 5.48 m/s 2.71 m/s
until the grid size is on the order of 10 particle diameters
(Agrawal et al., 2001). Therefore, grid resolution studies of both
GHD and IA kinetic theory models were performed in order to
determine at what point the simulated gas-particle flow behavior
became independent of the grid size. Fig. 1 illustrates the grid size
dependence of the gas-particle flow structures that are mani-
fested by the GHD kinetic theory model framework for Case D (see
Table 1). It is clear that as the grid resolution is increased, moving
from left to right, the scale of the flow structures present in the
simulation become finer. Analogous grid size dependent struc-
tures have been observed when performing continuum model
simulations of monodisperse gas-particle flows (Agrawal et al.,
2001; Igci et al., 2008). Similar grid size dependence was also
obtained for the IA model (not shown).

In order to determine what grid resolution was appropriate for
the comparison of GHD and IA kinetic theory model frameworks,
we examine the grid size dependence of the vertical component
of the domain-averaged slip velocity, and the meso-scale vertical
normal stress for different grid resolutions. To ensure that our
simulations capture the detailed structure of the gas-particle
flow, we also calculate and compare the energy spectra of the
volume fraction fluctuations, mixture velocity fluctuations and
mixture granular temperature fluctuations.

The vertical component of the domain-averaged slip velocity
(hereafter referred to as the domain-averaged slip velocity) is
defined as

/vslipS¼
ð1�fÞvf

/1�fS
�

fv

/fS


 �
ð34Þ

where / �S indicates a domain-averaged quantity. The domain-
averaged meso-scale vertical normal stress is defined as

X
i

fiv
0
iv
0
i

* +
¼
Xs

i ¼ 1

/fiviviS�/fiS/viS/viS ð35Þ
ations of the GHD model of Case D (see Table 1 for details). Finer gas-particle flow

� 32, (b) 16 �64, (c) 32 �128, and (d) 64 �256 grid cells. Similar grid size

theory model.
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Fig. 2 illustrates the grid size dependence of the scaled domain-
averaged slip velocity and the domain-averaged meso-scale
vertical normal stress for Case D. Both quantities are plotted
against N�1 where N is the number of grids in the horizontal
direction, and both are sensitive functions of N�1. However, this
dependence becomes very weak as N�1-0. This indicates at
sufficiently small values of N�1, or equivalently, high grid resolu-
tion, the domain-averaged quantities do become grid indepen-
dent for both GHD and IA kinetic theories.

In single phase turbulent flow research, grid independence in
large eddy and direct numerical simulations is determined by
examining how well the energy spectra of the velocity fluctua-
tions in a turbulent flow collapse for different grid resolutions
(Bose et al., 2010). In order to gauge the grid independence of our
simulation results we define energy spectra of the volume
fraction fluctuations Ef, dimensionless mixture velocity fluctua-
tions Ev, and dimensionless mixture granular temperature fluctua-
tions ET as follows:

f̂ðk,tÞ ¼

Z
ðfðx,tÞ�/fSÞexpðik � xÞ dx, EfðkÞ ¼ f̂f̂

n

ð36Þ

v̂ðk,tÞ ¼

Z
ðvðx,tÞ�/vðtÞSÞ

vt
expðik � xÞ dx, EvðkÞ ¼

1

2
ð bvx bvx

n
þcvycvy

n
Þ

ð37Þ

T̂ ðk,tÞ ¼

Z
ðTðx,tÞ�/TðtÞSÞ

mv2
t

expðik � xÞ dx, ET ðkÞ ¼ T̂ T̂
n

ð38Þ

where m is the average particle mass based on the Sauter mean
diameter, and ð�Þn indicates a complex conjugate. In Fig. 3, we
present Ef, Ev, and ET plotted against dimensionless scalar
wavenumber k̂ (here k̂ ¼ kv2

t =g) for four different grid resolutions
for both GHD and IA theories. In Fig. 3(a) and (b), it is clear that
the energy spectra of the particle volume fraction for the two
highest grid resolutions (or smallest values of N�1) collapse over a
large range of dimensionless wavenumber k̂ for both GHD and IA
theories, respectively. The same collapse is clear by inspection
of the energy spectra of dimensionless mixture velocity Ev and
dimensionless mixture granular temperature ET as is evidenced
in Fig. 3(c)–(f).

From Figs. 2 and 3 we can conclude that both the domain-
averaged quantities and the small scale variations are adequately
resolved in our gas-particle flow simulations for two highest grid
resolutions. In what follows, we present domain-averaged
quantities that are obtained from the highest grid resolution case
presented in Figs. 1–3.

3.2. Comparison of the predictions of GHD and IA kinetic theories

The meso-scale gas-particle flow structures that arise in
simulations of GHD and IA theories are compared via juxtaposi-
tion of instantaneous grayscale plots of the volume fraction and
volume fraction ratio fields in the periodic domain. In addition,
probability distribution functions (PDF) of the mixture and
species volume fractions are generated as a function of mixture
and species volume fraction, respectively, in order to provide a
more quantitative comparison of the meso-scale inhomogeneities
admitted by each polydisperse kinetic theory model. The PDFs are
obtained by binning the observed volume fraction in each cell
based upon the observed value. Several instantaneous snapshots
are used to generate a smooth distribution function of solids
volume fraction. We also compare the energy spectra of total and
species volume fraction admitted in GHD and IA theory simula-
tions for each case.

Fig. 4(a) and (b) provides a side-by-side comparison of the
instantaneous volume fraction fields obtained for Case D using
GHD and IA theories, respectively. It is clear that both GHD and IA
theory manifest qualitatively similar cluster and streamer forma-
tion throughout the periodic domain. Fig. 6(a) shows the PDF of f
as a function of mixture volume fraction for Case D. The distribu-
tion functions of mixture volume fraction for both GHD and IA
theory manifest bimodal structure. The large peak at low volume
fraction is a result of the fact that a large percentage of the
periodic domain contains a very low concentration of particles.
The small peak at high volume fractions corresponds to the dense
clustered regions that cover a smaller percentage of the periodic
domain. An additional quantitative comparison between the
volume fraction fields predicted by the two kinetic theory model
frameworks is given in Fig. 5(a) and (b) by comparing the energy
spectra of f for both GHD and IA theory for Cases D and C,
respectively. Fig. 5(a) and (b) demonstrates that the energy
spectrum is a strongly decreasing function of dimensionless
wavenumber k̂. Moreover, the energy spectra of f admitted by
the two different kinetic theory models collapse onto one another.
The grayscale plots of total volume fraction obtained for Case C

using GHD and IA kinetic theory in Fig. 4(c) and (d) reveal that
even for binary mixtures with large size ratios, the volume
fraction fields obtained by both mixture and species based kinetic
theories are qualitatively similar. A more quantitative comparison
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of the PDF of f predicted by the kinetic theory models shows that
there are more pronounced differences in the PDF of f for the
large size ratio bidisperse case (Case C) than in the smaller size
ratio case (Case D). However, both kinetic theory frameworks still
manifest nearly the same PDFs of f.

Comparison of the grayscale plots of the volume fraction ratio
field, shown in Fig. 4(e)–(h), reveals that both GHD and IA kinetic
theory models manifest qualitatively similar predictions. The
energy spectra of the volume fraction ratio field given in Fig. 5
show that while the energy spectra of the volume fraction ratio
for both GHD and IA kinetic theories manifest a similar decay
with increasing wavenumber, the energy associated with the
volume fraction ratio fluctuations is consistently larger for IA
kinetic theory. Direct comparison of the PDF of species volume
fraction for Case D in Fig. 6(b) and (c) illustrates that both mixture

and species kinetic theory frameworks have nearly identical PDFs
for each particle as well. Fig. 6(e) and (f), corresponding to Case C,
reveals that IA kinetic theory predicts slightly higher concentra-
tions of larger particles in clustered regions than GHD theory. It is
also noteworthy that the PDF of species volume fraction given in
Fig. 6(b) and (c) for Case D is qualitatively different from the
PDF of species volume fraction given in Fig. 6(e) and (f) for Case C.



Fig. 4. Instantaneous snapshots of particle volume fraction and particle volume fraction ratio fields obtained from two-dimensional bidisperse gas-particle flow

computations. The total volume fraction and volume fraction ratio fields are shown for four cases: Case D (see Table 1) using GHD theory —panels (a) and (e); Case D using

IA theory—panels (b) and (f); Case C using GHD theory—panels (c) and (g); Case C using IA theory—panels (d) and (h).
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The differences in the PDFs of species concentration in Cases C

and D arise as a result of the fact that the domain-averaged
species volume fractions are different between the two cases.
For example, in Case D the domain-averaged volume fraction
of particle species 2 is 0.028. Therefore, the range of the PDF of
species 2 concentration given in Fig. 6(c) only varies from 0 to
0.20 reflecting the very low probability of finding regions have
species concentrations higher than 0.20.

Fig. 7 shows the scaled domain-averaged mixture slip velocity,
the domain-averaged slip velocity of particles of type 1, and the
domain-averaged meso-scale vertical normal stress of the mix-
ture as functions of dimensionless time, t¼ tg=vt . As seen in
Fig. 7(a) and (b), the domain-averaged mixture slip velocity and
the domain-averaged slip velocity of a particle of type 1 in Case D

predicted by GHD and IA kinetic theories oscillate about similar
statistical steady state values. Fig. 7(c) shows that the same is true
for the meso-scale vertical normal stress as well. The rather large
fluctuations in the domain-averaged quantities given in Fig. 7
can be traced to the persistent fluctuations of the gas-particle
flow structures that arise due to the instability of the uniformly
fluidized state (Sundaresan, 2003). Time-averaged values of the
domain-averaged slip velocity of mixture, the domain-averaged
slip velocity of each particle species, and the domain-averaged
meso-scale normal stress are given in Table 2.

Fig. 8(a) and (b) shows three-dimensional instantaneous snap-
shots of the total volume fraction field obtained by simulating
Case C with GHD and IA kinetic theory models, respectively. The
qualitative similarity between the snapshots of the total volume
fraction is apparent. Furthermore, the dimensionless domain-
averaged slip velocities for Case C obtained in simulations using
GHD and IA theory were found to be 0.293 and 0.307, respec-
tively; these are within 5% of each other. Here the domain-
averaged slip velocities were scaled by vt for the respective
bidisperse particle mixture. Fig. 8(c) and (d) shows the volume
fraction field obtained from the simulation of Case D using GHD
and IA theory, respectively. Again the qualitative features of the
volume fraction field obtained using either kinetic theory frame-
work are similar. The dimensionless domain-averaged slip velo-
cities for Case D were found to be 0.430 and 0.455 for GHD and IA
theories, respectively.

To determine the similarity of the gas-particle flow structures
in our three-dimensional simulations, PDFs of the total and
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species particle volume fraction were calculated and compared
for both GHD and IA kinetic theories, and are given in Fig. 9. In
Fig. 9(a) and (d) we show PDFs of the total particle volume
fraction obtained from three-dimensional numerical simulations
of Cases D and C, respectively. It is clear that for both GHD and IA
kinetic theories the qualitative features of the PDF of total solid
volume fractions are similar with small quantitative variations.
The same feature can be noted by inspection of the PDF of species
volume fractions given in Fig. 9(b) and (c) and Fig. 9(e) and (f) for
Cases D and C, respectively.

It is interesting to note the qualitative differences in the PDFs
of total and species volume fractions observed in two- and three-
dimensional simulations for both particle size distributions
examined in this study. The PDFs of species and total volume
fraction obtained from three-dimensional simulations in Fig. 9
have very broad and monomodal shape, while the PDFs obtained
from two-dimensional simulations show two sharp peaks in the
PDFs corresponding to clustered and dilute regions. In two-
dimensional simulations the ability of the gas to bypass the solid
phase is inhibited by the lower dimensionality—this therefore
induces more severe particle clustering than is present in three-
dimensional simulations because it is generally easier for gas to
bypass solid phase flow structures in three-dimensions than in
two-dimensions.

A comparison of the computational times for GHD and IA
kinetic theories is shown in Table 3 for the two binary particle
size distributions used in this study. The mixture model frame-
work is computationally less expensive than the species model
framework; this can be attributed to the fact that GHD theory
requires the solution of fewer time-dependent, non-linear, partial
differential equations. However, the improvement in computa-
tional time appears to be a sensitive function the disparity in size
between the smaller and larger particles.

In the species based model framework (adopted by IA theory),
the momentum and granular energy of each particle phase are
allowed to evolve separately. In contrast, in the mixture based
model framework (adopted in GHD theory), the momentum and
granular energy of the particle mixture are allowed to evolve,
while it is postulated that the flux and granular energy of the
individual particle species relax with respect to the mixture
quantities rapidly. In Section 3.4, we develop an analysis to
indicate when species velocities are slaved to the mixture velocity
using an analysis similar to Goldman and Sirovich (1967) for
binary molecular gases.

3.3. Comparison of monodisperse and bidisperse systems

It is common practice in the continuum modeling community
to approximate a polydisperse gas–solid flow by an equivalent
monodisperse gas–solid flow with a particle diameter given by
the Sauter mean diameter (see Eq. (27a) for definition) of the
polydisperse system (Neri and Gidaspow, 2000; Jiradilok et al.,
2006, 2008). In order to understand the degree to which such an
approximation is valid, the meso-scale flow structures, the
domain-averaged slip velocities of the mixtures, and the meso-
scale vertical normal stresses obtained from periodic domain
simulations of bidisperse systems and equivalent monodisperse
systems are directly compared.
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Fig. 10 compares instantaneous snapshots of the particle
volume fraction fields obtained from a bidisperse system (Case C)
and a monodisperse system (Case A) with the same Sauter mean
diameter. It is clear that the gas-particle flow structure is character-
ized by clusters and streamers in both cases. Comparison of the
PDFs of the total particle volume fraction in Fig. 11 reveals that
both monodisperse and bidisperse systems manifest similar
distribution functions of solid volume fraction over the entire
volume fraction range. However, the two peaks in the distribution
appear to be slightly larger in the bidisperse case (Case C) than in
the monodisperse case (Case A) indicating a slightly larger
propensity of the bidisperse gas-particle flow to be heteroge-
neous. Fig. 12(a) and (b) shows the domain-averaged slip velocity
of the mixture and the meso-scale vertical normal stress,
respectively, for both monodisperse and bidisperse cases. It is
clear that the domain-averaged quantities are fluctuating about
similar statistically steady values for both the monodisperse and
bidisperse systems. The time-averaged values of these domain-
averaged quantities for the monodisperse (Case A) and bidisperse
(Case C) cases are reported in Table 2. Approximating this
bidisperse system with widely separated particle diameters with
a monodisperse system having the same Sauter mean diameter
leads to an underestimation of the mixture domain-averaged slip
velocity by 15% while the domain-averaged vertical normal meso-
scale stress is within 10% of that for the binary mixture (according
to GHD theory). The predictions are similar for these cases
according to IA theory as well; see Table 2. Comparison of the
predictions for Cases B and D shows that the monodisperse
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Table 2
Time-averaged results for the domain-averaged slip velocity and meso-scale vertical normal stress for all the simulated cases. The over-bar represents a time-averaged

quantity.

Case KT model /vslipS
vt

/vslip1
S

vt1

/vslip2
S

vt2

/
P

i
fiv
0

i
v0

i
S

fiv
2
t

A GHD theory 0.26576.72�10�3 – – 1.63�10�274.98�10�4

IA theory 0.24475.11�10�3 – – 1.17�10�275.13�10�4

B GHD theory 0.38071.15�10�2 – – 6.32�10�272.35�10�3

IA theory 0.39271.07�10�2 – – 5.96�10�272.17�10�3

C GHD theory 0.30577.69�10�3 7.49�10�271.88�10�3 0.91172.29�10�2 1.51�10�275.61�10�4

IA theory 0.31671.24�10�2 7.92�10�273.09�10�3 0.92473.64�10�2 1.57�10�276.86�10�4

D GHD theory 0.49671.56�10�2 0.48471.51�10�2 1.2673.98�10�2 6.47�10�272.85�10�3

IA theory 0.52671.82�10�2 0.51371.77�10�2 1.3374.59�10�2 7.06�10�273.13�10�3
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approximation underestimates the domain-averaged slip velocity
of a binary system by about 25%.

3.4. Mixture versus species kinetic theory frameworks

In Section 3.2, we emphasized that the GHD and IA kinetic
theory model frameworks have similar gas-particle flow predic-
tions in terms of both small scale and domain-averaged proper-
ties. However, it is of interest to develop a criteria upon which
one might expect the mixture and species based kinetic theories to
provide similar results. An approach was developed to compare
the mixture and species based kinetic theory approaches for
molecular systems (Goldman and Sirovich, 1967), and in this
section we employ the same technique to examine when the
species based kinetic theory model will reduce to a mathematical
form consistent with the GHD mixture kinetic theory model.
Simulation results presented in the previous section demonstrate
that quantitative differences in the constitutive relations of each
kinetic theory model have only a small quantitative effect
domain-averaged quantities, so we will only develop a scaling
analysis that indicates in what range we expect the species
velocities to be slaved to the mixture velocity.

In order to directly compare the species kinetic theory model
framework with that of a mixture kinetic theory model, we must
construct a mixture momentum equation from the species

momentum balance given in Eq. (3). Using the definition of the
mixture velocity and species mass flux, it can readily be shown
that one can construct an effective mixture momentum balance



Fig. 8. Instantaneous snapshots of particle volume fraction fields obtained from three-dimensional bidisperse gas-particle flow simulations. Domain size: 8 cm �16 cm

�8 cm; 32 �64 �32 grid cells. The total volume fraction fields is shown for the following four cases: (a) Case C using GHD theory; (b) Case C using IA theory; (c) Case D

using GHD theory; and (d) Case D using IA theory.
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equation from IA kinetic theory as follows:
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If we restrict our attention to binary mixtures only, we can
construct an evolution equation for the diffusion velocity of a
particle of type 1 by subtracting Eq. (3) for particle species 1 from
Eq. (39) to obtain
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where Dð�Þ=Dt ¼ @ð�Þ=@tþv � rð�Þ is the material derivative and I12

is the particle–particle collisional momentum transfer given in Eq.
(7). Inserting Eq. (7) into Eq. (41) and using the definition of the
mass flux in Eq. (22) we obtain
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Table 3
Computational times for both GHD and IA kinetic theories for the two different

bidisperse PSDs simulated in this study. These computations were performed on

2.5 GHz Intel Xeon E5420 processors with all computational times given on a per

processor basis.

Dimensionality Case GHD CPU time

ðCPU hrs: used
Sec:simulationÞ

IA CPU time

ðCPU hrs: used
Sec:simulationÞ

IA
GHD

2D C 29.9 87.9 2.93

D 25.8 41.6 1.61
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In order for the species velocity to be slaved to the mixture
velocity the first term on the right-hand side of Eq. (42) must be
very small compared with to the left-hand side. In other words,
the timescale associated with the relaxation of the diffusion
velocity of species 1 must be much faster than the relaxation of
the mixture velocity to its steady state value. From inspection of
the mixture momentum balance expression given in Eq. (39), one
can deduce that the timescale associated with the relaxation
of the mixture velocity is be given as tmix ¼ rs=ðb1þb2Þ, and the
characteristic timescale for the relaxation of the diffusion velocity
of a particle of type 1 is the inverse of the prefactor of the
diffusion velocity on the left-hand side of Eq. (41). Therefore, in
order for the individual species velocity to be slaved to the
mixture velocity the following inequality must hold:

Z ¼

ffiffiffiffiffiffi
8p
p

r2
s d2

12g12m3
0ð1þe12ÞðT1T2Þ

2

2ðb1þb2Þðm1m2Þ
1=2
ðm1T2þm2T1Þ

3=2
ðm1T1þm2T2Þ

2
b1 ð43Þ



Fig. 10. Two-dimensional instantaneous snapshots of particle volume fraction

fields obtained for (a) bidisperse (Case C) and (b) monodisperse (Case A) cases with

the same Sauter mean diameter. The qualitative nature of the gas-particle flow

structures in monodisperse and bidisperse is similar. Both snapshots illustrated

above were obtained via GHD theory simulations.
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Fig. 11. Probability distribution of function of f for monodisperse (Case A) and

bidisperse (Case C) cases. The monodisperse system has the same Sauter mean

diameter as the bidisperse system.
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At this point it should be noted that the same inequality
can be used for type 2 particles as well, due to the fact that
g12 ¼ g21. In deriving Eq. (43) we have also only considered the
first term in the expression for R2 as it has been shown that the
first term is dominant (Iddir and Arastoopour, 2005). Fig. 13
shows an instantaneous snapshot of Z obtained from IA theory
simulations for both Cases C and D. It is clear that over a large
percentage of the flow domain this value is much greater
than unity. Therefore, the assumption that species velocities are
slaved to the mixture is validated by our simulations to a good
approximation. This analysis can be used to rationalize why the
results obtained from GHD and IA kinetic theories are in quanti-
tative agreement. However, it should be noted that these simula-
tions were conducted at domain-average volume fractions of
f¼ 0:15, and as the domain-average volume fraction decreases
the difference between the two kinetic theory approaches will
increase. This is true because all of the regions where Z is O(1)
are regions where the particle concentration is very low. It is
also worth noting that in Eq. (41), if all of the terms in the first
row and third row of the right-hand side are very small com-
pared to the terms in the second row, one will recover a similar
form to the flux expression given by the GHD mixture theory
given in Eq. (22).
3.5. On the need for sub-grid scale models for coarse-grid simulation

of binary gas-particle flows

It is well known that continuum models of gas-particle flow
manifest persistent density and velocity fluctuations that occur
over a range of length scales. The length scale of the smallest
inhomogeneities is known to be on the order of 10 particle
diameters which necessitates prohibitively small grid sizes in
order to fully resolve them (Agrawal et al., 2001). However, in
order to simulate large scale gas-particle flows in fluidized beds
and risers, grids much larger than 10 particle diameters are used
in order to keep the total computational time within reasonable
bounds (Sundaresan, 2000). Coarse-grid simulations which ignore
the consequences of the sub-grid scale flow structures tend to
overestimate the fluid-particle drag force (Agrawal et al., 2001;
Andrews et al., 2005; Igci et al., 2008). In light of these observed
differences between fine- and coarse-grid simulations of conti-
nuum models there has been a substantial amount of research
devoted to the development of filtered two-fluid model equa-
tions, which are obtained by filtering the microscopic two-fluid
model equations (Andrews et al., 2005; Igci et al., 2008). The
filtered fluid-particle flow model requires constitutive relations
for the filtered drag coefficient, particle phase viscosity, and
particle phase pressure in terms of the filtered variables (Igci
et al., 2008).

While a large effort has been focused on the development of
filtered two-fluid models for the coarse-grid simulation of mono-
disperse gas-particle flows, polydisperse systems have not
received any attention so far. As a first step in that direction, we
have filtered the results of the highly resolved two-dimensional
simulations carried out in this study and gathered statistics on the
effective fluid-particle drag coefficient for each particle type for
square filters of different sizes. The procedure follows that of Igci
et al. (2008) for monodisperse systems. We define the effective
drag force in a filtered multi-fluid model framework as follows:

ffDi
¼gbieff

ð evf� evi Þ ð44Þ

where ffDi
is the filtered fluid-particle drag force, gbieff

is the filtered

drag coefficient, evf is the filtered gas velocity, and evi is the filtered

velocity of a particle of species i. The right-hand side of Eq. (44) is
the postulated form of a closure model for the filtered effective
drag force. Using a closure of the form given in Eq. (44) we

gathered filtered statistics for the filtered drag coefficient gbieff
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Fig. 13. (Color online) Instantaneous snapshot of the value of Z throughout the

simulation domain obtained at statistical steady state for both (a) Case C and (b)

Case D using IA kinetic theory. The color plots indicate that the value of Z is much

greater than unity throughout the simulation both binary systems under

investigation.
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from high-resolution simulation results, and examined its depen-
dence on filter size. Fig. 14(a) and (b) shows the dimensionless

filtered drag coefficient dbieff
obtained by averaging the high-

resolution simulation for Case C (using the GHD theory). Heredbieff
¼gbieff

vti
=ðrsi

gÞ. It is clear that the dimensionless filtered drag

coefficient is a strong function of the filter size for both the large
particle (type 1 particle) and small particle (type 2 particle)
species. The same feature can be seen in Fig. 15(a) and (b), where
the filtered drag coefficients for the two particle types are given
for Case C using IA kinetic theory. For both models, the filtered
drag coefficient decreases with increasing filter sizes, and this is
exactly the same qualitative trend reported in the literature
for monodisperse systems (Igci et al., 2008). So, one can readily
anticipate that filtered constitutive relations must be developed
for polydisperse systems as well, just as they are currently being
done for monodisperse systems. This is true for both mixture and
species based kinetic theory model frameworks.
4. Conclusions

In this work the predictions of two different polydisperse
kinetic theory model frameworks have been compared for two
different binary particle size distributions spanning a range of
particle sizes and particle volume fraction ratios. Inspection of
snapshots of the instantaneous particle volume fraction and
volume fraction ratio fields revealed that the GHD and IA theories
(representative of the mixture and species based modeling
approaches, respectively) manifest qualitatively similar flow
structures. Both models yields nearly identical probability dis-
tribution functions for the total particle volume fraction in a grid
cell. Furthermore, the energy spectra of the particle volume
fraction for both kinetic theory models are essentially the same;
this serves as direct evidence that the nature of the gas-particle
flow structures admitted by both kinetic theories are similar.

Direct comparison of bidisperse systems with equivalent
monodisperse systems having the same Sauter mean diameters
reveals that the qualitative nature of the gas-particle flow
structures are similar for both monodisperse and bidisperse cases.
More quantitative comparisons of the PDF of total volume frac-
tion in a cell revealed a slightly higher probability of observing
heterogeneous flow structures in the flow of the bidisperse
systems; correspondingly, bidisperse flow simulations in periodic
domains yielded larger slip velocities (or equivalently lower
overall drag coefficients) than the equivalent monodisperse
systems.

A systematic filtering of the high-resolution binary gas-parti-
cle flow simulation results revealed that the filtered drag coeffi-
cients decreased with increasing filter size. This filtering analysis
clearly shows that filtered multi-fluid models are needed in order
to reconcile the differences between coarse and highly resolved
simulation results. While the need for filtered models for con-
tinuum model simulations of monodisperse gas-particle flows is
well known, the present study provides the first demonstration of
the need for filtered models for bidisperse gas-particle flows. It is
expected that additional filtered models for the particle phase
pressure and viscosity will also be necessary. The detailed form of
the filtered multi-fluid models and the associated constitutive
models will be the topic of future work within our group.



0.05 0.1 0.15 0.2 0.25

0.5

1

1.5

2

2.5

ˆ
� 1

ef
f ˆ

� 2
ef

f

Δ̂ = 9.294
Δ̂ = 37.18
Δ̂ = 148.7
Δ̂ = 594.8

0.05 0.1 0.15 0.2 0.25

0.1

0.2

0.3

0.4

0.5
Δ̂ = 9.294
Δ̂ = 37.18
Δ̂ = 148.7
Δ̂ = 594.8

〈�〉 〈�〉

Fig. 14. Filtered drag coefficient for (a) particle of type 1 and (b) particle of type 2 for Case C obtained via continuum model simulations of GHD theory. The volume fraction

ratio f1=f2 in the filtered region is unity in this plot. The simulation domain: 32 cm �32 cm; 128 �128 grid cells.

0.05 0.1 0.15 0.2 0.25

0.5

1

1.5

2

2.5

ˆ
� 1

ef
f ˆ

� 2
ef

f

Δ̂ = 9.294
Δ̂ = 37.18
Δ̂ = 148.7
Δ̂ = 594.8

0.05 0.1 0.15 0.2 0.25

0.1

0.2

0.3

0.4

0.5 Δ̂ = 9.294
Δ̂ = 37.18
Δ̂ = 148.7
Δ̂ = 594.8

〈�〉 〈�〉

Fig. 15. Filtered drag coefficient for (a) particle of type 1, and (b) particle of type 2 for Case C obtained via continuum model simulations of IA theory. The volume fraction

ratio f1=f2 in the filtered region is unity in this plot. The simulation domain: 32 cm �32 cm; 128 �128 grid cells.

W. Holloway et al. / Chemical Engineering Science 66 (2011) 4403–44204418
Nomenclature
a
 polynomial of particle volume fraction
/dS
 Sauter mean diameter of the mixture
di
 diameter of a particle of species i
Dij
 ordinary diffusivity of particles of type i in particles of
type j
DF
ij
mass mobility of particles of type i in particles of type
j

DT
i

thermal diffusivity of particles of type i
e
 coefficient of restitution

eij
 coefficient of restitution between particles of types i

and j
Ef
 energy spectra of volume fraction fluctuations
Ef
 energy spectra of dimensionless mixture velocity
fluctuations
ET
 energy spectra of dimensionless mixture granular
temperature fluctuations
Fn

D�fixed
 dimensionless fluid-particle drag force in a
monodisperse fixed bed
fDi

fluid-particle drag force per unit volume experienced
by a particle of type i
ffDi

filtered fluid-particle drag force per unit volume

experienced by a particle of type i
FDi

fluid-particle drag force per particle experienced by a
particle of type i
Fn

Di�fixed
 dimensionless fixed bed fluid-particle drag force
experienced by a particle of type i in a polydisperse
assemblage of particles
Fi
 sum of external forces experienced by the ith particle
type
g
 gravitational acceleration vector

gim
 radial distribution function at contact for a bidisperse

mixture of particles of types i and m
Iim
 momentum exchanged between particles of types i

and m due to collisions
joi

mass flux of a particle of type i relative to the mixture
k
 wavenumber
k̂
 dimensionless wavenumber ðk̂ ¼ kv2
t =gÞ
m
 average particle mass based on the Sauter mean
diameter of the mixture
mi
 mass of the ith particle type n mixture number density

N
 number of horizontal grid points

ni
 number density of a particle of type i
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Nip
 granular energy collisional dissipation term

q
 granular energy flux vector of the mixture

qi
 granular energy flux vector of a particle of type i
Remix
 mixture Reynolds number

s
 number of particle types in a polydisperse mixture

t
 time T mixture granular temperature

Ti
 granular temperature of a particle of type i
v
 velocity vector of the particle mixture

vf
 velocity vector of the fluid phase
evf
 filtered velocity vector of the fluid phase
vi
 velocity vector of the ith particle phase
evi
 filtered velocity vector of the ith particle phase
Vi
 volume of a particle of type i
v0i
 velocity fluctuation of a particle of type i
/vslipS
 vertical component of the domain-averaged slip
velocity
vt
 terminal settling velocity of an isolated particle with
diameter given by the Sauter mean diameter of the
system
vti

terminal settling velocity of a particle of type i
yi
 ratio of the diameter of a particle of type i to the
Sauter mean diameter of the mixture
Z
 ratio of the timescale associated with mixture velocity
relaxation to the timescale associated with the
relaxation of the velocity species to the mixture
velocity
Greek letters
aij
 parameter in expression for the fluid-mediated

particle–particle friction coefficient bij
bi
 fixed bed friction coefficient of a particle of type i
gbieff
filtered effective drag coefficient of a particle of type i
dbieff
dimensionless effective drag coefficient of a particle of

type i: dbieff
¼ bieff

vti
=ðrsi

gÞ
bij
 fluid-mediated particle–particle friction coefficient
D
 filter size
D̂
 dimensionless filter size; D̂ ¼D=/dS

DUmix
 mixture velocity
Ef
 the void fraction of the fluid phase
z
 cooling rate of the mixture
z0
 zeroth order cooling rate
zU
 cooling rate transport coefficient of the mixture
l
 lubrication cutoff distance
mf
 viscosity of the fluid phase
rf
 density of the fluid phase
rs
 mixture density
rsi

density of the ith particle phase
sf
 gas phase stress tensor
ss
 solid phase stress tensor the particle mixture

ssi
solid phase stress tensor of a particle of type i
t
 dimensionless time given as t¼ tg=vt
f
 total volume fraction particle phase
fi
 volume fraction of the ith particle phase
wn
BVK
 inertial correction for fixed beds
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