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We develop ﬁltered models for scalar transport in gas–particle ﬂows.
Model for intraphase scalar transport similar to Smagorinsky model in turbulence.
We calculate ﬁltered Prandtl/Schmidt numbers for each phase.
Model for interphase scalar transport is similar to that for interphase drag.
Orders of magnitude reduction in ﬁltered interphase scalar transport coefﬁcient.
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We employ a kinetic-theory based two-ﬂuid model to develop a ﬁltered two-ﬂuid model for scalar
transport in gas–particle ﬂows. The ﬁltering procedure gives rise to terms describing the ﬁltered
interphase heat/mass transfer and ﬁltered scalar diffusion, which need to be constituted in order to close
the ﬁltered transport equations. In this work, the closure for these terms is accomplished by performing
ﬁne-grid simulations of the two-ﬂuid model in a two-dimensional periodic domain. Filtered scalar
diffusion is investigated by imposing a lateral mean gradient in the scalar for each phase. Interphase
energy/mass transport is investigated by prescribing a heat/species source (sink) in the solids (gas)
phase, such that the energy/species content of the mixture is preserved. The variation of the ﬁltered
transport coefﬁcients with respect to ﬁltered particle volume fraction, and scaling with respect to ﬁlter
size, ﬁltered scalar shear rate, and ﬁltered slip velocity is discussed. We ﬁnd the ﬁltered interphase heat
transfer coefﬁcient to be as much as two orders of magnitude smaller than the microscopic interphase
heat transfer coefﬁcient. The model for ﬁltered scalar diffusion is found to have a form very similar to that
calculated for single phase turbulent ﬂows. We also calculate the ﬁltered Prandtl number for each phase.
& 2013 Elsevier Ltd. All rights reserved.
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1. Introduction
Gas–particle ﬂows are commonly encountered in the form of
ﬂuidized beds, risers, and other pneumatic conveying devices. The
detailed transport behavior of these ﬂows is frequently analyzed using
continuum models in which the two phases are treated as interpenetrating continua (Gidaspow, 1994; Fan and Zhu, 1998; Jackson, 2000).
High-ﬁdelity (ﬁne-grid) device scale simulation of the ﬂow behavior
is challenging, due to the persistent ﬂuctuations in particle volume
fraction and velocities of the two phases across a wide range of length
and time scales (Agrawal et al., 2001); just as difﬁcult is the simulation
of the accompanying ﬂuctuations in other scalar variables (e.g. species
concentration, temperature). Coarse-grid simulations (employing the
n
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continuum models), while computationally tractable, are found to
effectively neglect the presence of the ﬁne-scale structure of the gas–
particle ﬂow and the associated ﬂuctuations (Agrawal et al., 2001;
Andrews et al., 2005; Igci et al., 2008), and thus the results are a poor
representation of the transport behavior. A more accurate representation of the ﬂow behavior is obtained when coarse-grid simulations
employ continuum models which are modiﬁed to account for the
effect of the ﬁne-scale (sub-grid) structure of the ﬂow (Andrews et al.,
2005; Igci et al., 2008). This approach has been formulated in terms of
a ﬁltered two-ﬂuid model for non-reacting gas–particle ﬂows, where
closures for the sub-grid scale ﬂuid–particle drag force, stresses and
viscosities for the two phases have been extracted from ﬁne-grid
simulations of the two-ﬂuid model (Igci et al., 2008; Parmentier et al.,
2011; Milioli et al., to appear). The ﬁrst application of the same
approach for reacting ﬂows has been investigated recently (Holloway
and Sundaresan, 2012).
The ﬁne-scale structure of gas–particle ﬂows is also found to
signiﬁcantly affect interphase and intraphase heat and mass
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transfer. A review (Breault, 2006) of intraphase and interphase
heat/mass transfer correlations (correlations for dispersion and
Nusselt/Sherwood number correlations, respectively) has shown
the high degree of variability and uncertainty in these correlations,
and the resulting difﬁculty in applying them. Other studies have
recognized the substantial effects of the ﬁne-scale structure of the
ﬂowing gas–particle mixture on both interphase and intraphase
heat and mass transfer and have traced the variability of the heat/
mass transfer correlations to inadequate representation of the
ﬁne-scale structure of the gas–particle ﬂow (Hansen et al., 2004;
Dong et al., 2008a, 2008b; Kashyap and Gidaspow, 2010, 2011). In
particular, studies have found the effective interphase heat/mass
transfer rates to be diminished by several orders of magnitude
(Kashyap and Gidaspow, 2010, 2011) and intraphase heat/mass
transport rates to be substantially higher (Loezos and Sundaresan,
2002), as compared to the respective microscopic rates. A number
of studies have attempted to model the effects of the ﬁne-scale
structure on interphase mass transfer in terms of the Energy
Minimization Multiscale Method (Wang et al., 2005; Dong et al.,
2008a, 2008b). The EMMS method yields constitutive models
which are not dependent on the grid-resolution employed in a
simulation; this is not ideal as one would expect any corrections
embedded in the model to vanish as the grid resolution becomes
very ﬁne (equivalent to ﬁlter size going to zero). In the present
study, our aim is to extend extant ﬁltered two-ﬂuid models to
accommodate passive scalar transport in gas–particle ﬂows. We use
the term passive scalar transport to indicate the transport of scalar
variables which do not affect the hydrodynamics: species transport within a phase and between phases, tracer transport within a
phase, and energy transport within a phase and between phases.
The relevance of such a model is clearly evident based on the
foregoing discussion. The task will be accomplished by carrying
out ﬁne-grid simulations of gas–particle ﬂows (with the presence
of a passive scalar) in a periodic domain and ﬁltering the results.
We will calculate the ﬁltered intraphase transport coefﬁcient
(ﬁltered diffusivity) and ﬁltered interphase heat/mass transfer
coefﬁcient (or equivalently the ﬁltered Nusselt/Sherwood number
correlation). It will be shown that the ﬁltered diffusivity may be
modeled using constitutive relations of the form used in largeeddy simulation of scalar transport in single phase-turbulent ﬂows
(involving the scalar shear rate associated with the respective
phase velocities). Furthermore, the relationship between the
ﬁltered scalar diffusivity and ﬁltered momentum diffusivity will
be cast in terms of a ﬁltered Prandtl/Schmidt number. The ﬁltered
interphase heat/mass transfer coefﬁcient will be shown to have a
form similar to the ﬁltered interphase drag coefﬁcient (but with
meaningful quantitative differences). For ease of discussion in
what follows, the scalar will be chosen to be the thermodynamic
temperature for each phase; the results are general and apply to
any passive scalar.

2. Microscopic two-ﬂuid model equations
The two-ﬂuid model consists of balance equations for gas- and
particle-phase mass and momentum. As we employ a closure for
the particle phase stress based on the kinetic theory of granular
materials (Lun et al., 1984) we also require an equation for the
granular temperature. We augment these equations with equations for the thermal energy balance for each phase. This set of
evolution equations is presented in Table 1, along with constitutive models that close the balance equations. The constitutive
models for the hydrodynamics are chosen to be consistent with
earlier studies regarding ﬁltered models within our research group
(Agrawal et al., 2001; Igci et al., 2008; Holloway and Sundaresan,
2012; Milioli et al., to appear).

Table 1
Microscopic two-ﬂuid model equations.
Evolution equations
∂ðρs ϕs Þ
þ ∇  ðρs ϕs vs Þ ¼ 0
∂t

ð1Þ

∂ðρg ϕg Þ
þ ∇  ðρg ϕg vg Þ ¼ 0
∂t

ð2Þ

∂ðρs ϕs vs Þ
þ ∇  ðρs ϕs vs vs Þ ¼ −ϕ∇  rg −∇  rs þ f D þ ρs ϕs g:
∂t

ð3Þ

∂ðρg ϕg vg Þ
þ ∇  ðρg ϕg vg vg Þ ¼ −ϕg ∇  rg −f D þ ρg ϕg g
∂t


3 ∂ðρs ϕs θÞ
þ ∇  ðρs ϕs θvs Þ ¼ −∇  q−rs : ∇vs −J vis −J coll þ Γ slip
2
∂t

ð4Þ
ð5Þ

∂ðρs C ps ϕs T s Þ
þ ∇  ðρs C ps ϕs T s vs Þ ¼ ∇  ðks ϕs ∇T s Þþ I T
∂t

ð6Þ

∂ðρg C pg ϕg T g Þ
n
þ ∇  ðρg C pg ϕg T g vg Þ ¼ ∇  ðkg ϕg ∇T g Þ−I T
∂t

ð7Þ

Closures
Gas phase stress tensor ðrg Þ
rg ¼ pg I−μng ð∇vg þ ð∇vg ÞT −23ð∇  vg ÞIÞ

ð8Þ

Solid phase stress tensor ðrs Þ
1 þ ep
η¼
,
2pﬃﬃﬃﬃﬃﬃ
256μϕ2s g 0
5ρs d πθ
,
,
μ
¼
,
μ
¼
g0 ¼
b
96
5π
1−ðϕs =ϕsmax Þ1=3




1:2μn
8
8
6
1 þ ϕs ηg0
μs ¼
1 þ ηð3η−2Þϕs g 0 þ ημb ,
5
5
5
g0 ηð2−ηÞ

ð9Þ

rs ¼ ðρs ϕs ð1 þ 4ϕs g0 Þθ−ημb ð∇  vs ÞÞI−2μs S,
1

μ
2βμ

μn ¼
1þ

,

S¼

ð10Þ
ð11Þ

1
1
ð∇vs þ ð∇vs ÞT Þ− ð∇  vs ÞI:
2
3

ð12Þ

ðρs ϕs Þ2 g 0 θ

Fluid-particle drag force ðf D Þ
f D ¼ βðvg −vs Þ,
CD ¼

β¼

CD
d

2

Reg ϕs μng ϕ−2:65
,
g

18
ð1 þ 0:15Re0:687
Þ,Reg o 1000;
g
Reg

Reg ¼

ϕg ρg djvg −vs j
μng

ð13Þ

0:33, Reg ≥1000

ð14Þ

Diffusive ﬂux of granular energy ðqÞ
ð15Þ

q ¼ −λ∇θ




λn
12
12
64
1 þ ηϕs g0
1 þ η2 ð4η−3Þϕs g0 þ
ð41−33ηÞη2 ϕ2s g20
λ¼
5
5
25π
g0
pﬃﬃﬃﬃﬃﬃ
λi
75ρs d πθ
; λi ¼
λn ¼
6βλi
48ηð41−33ηÞ
1þ
5ðρs ϕs Þ2 g0 θ

ð16Þ

ð17Þ

Dissipation of granular energy via inelastic collisions ðJ coll Þ
48
ρ ϕ2
J coll ¼ pﬃﬃﬃ ηð1−ηÞ s s g 0 θ3=2
π
d

ð18Þ

Dissipation of granular energy via viscous action of the ﬂuid phase ðJ vis Þ
J vis ¼

54ϕs μng θ
d

2

Rdiss

ð19Þ

rﬃﬃﬃﬃﬃ
ϕs 135
þ
ϕ lnðϕs Þ þ 11:26ϕs ð1−5:1ϕs þ 16:57ϕ2s −21:77ϕ3s Þ
Rdiss ¼ 1þ 3
64 s
2
−ϕs g0 lnð0:01Þ

ð20Þ

Production of granular energy through slip between phases ðΓ slip Þ
Rdrag
81ϕμðgnÞ2 ju−vj2
pﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
3
g0 d ρg πθ 1þ 3:5 ϕs þ 5:9ϕs
2

Γ slip ¼
Rdrag ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 þ 3 ϕs =2 þ ð135=64Þϕs lnðϕs Þ þ 17:14ϕs
1 þ 0:681ϕs −8:48ϕ2s þ 8:16ϕ3s

ð21Þ
,

ϕs o0:40;

10ϕs
ð1−ϕs Þ3

þ 0:7,

ϕs ≥0:40

ð22Þ

Effective thermal conductivity of particle phase ks
ks ¼

pﬃﬃﬃ
ρs C ps dπ 3=2 θ
32g 0

Interphase heat transfer IT
n
6kg ϕs Nu
γ¼
2
d

IT ¼ γðT s −T g Þ;

ð23Þ

ð24Þ
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ϕ′s ðy,tÞ ¼ ϕs ðy,tÞ−ϕs ðy,tÞ

ð33Þ

v′s ðy,tÞ ¼ vs ðy,tÞ−ves ðy,tÞ

ð34Þ

f
v′g ðy,tÞ ¼ vg ðy,tÞ−v
g ðy,tÞ

ð35Þ

T′s ðy,tÞ ¼ T s ðy,tÞ−Tes ðy,tÞ

ð36Þ

T′g ðy,tÞ ¼ T g ðy,tÞ−Tfg ðy,tÞ

ð37Þ

Table 1 (continued )
Nu ¼
Pr g ¼

1=3
0:7
1=3
2
ð7−10ϕg þ 5ϕ2g Þð1 þ 0:7Re0:2
g Pr g Þ þ ð1:33−2:4ϕg þ 1:2ϕg ÞReg Pr g
C pg μng
n

kg

ð25Þ
ð26Þ

n

The effective gas-phase conductivity, kg and effective gas-phase
viscosity μng appearing in Eqs. (7) and (8) will typically differ from
the corresponding molecular properties as they should account for
the enhanced scalar and momentum transport that results from
additional pseudo-turbulent transport occurring as a result of
microscopic interactions between individual particles and the
ﬂuid. However, two-ﬂuid model simulations have revealed that
the ﬁltered solutions of the two-ﬂuid model are quite insensitive
to the value of μng (Agrawal et al., 2001). Therefore, we set μng equal
to the molecular viscosity μg . In addition, the effective gas-phase
n
conductivity kg is set to the bulk molecular conductivity, kg. The
expression for the conductivity ks of the particle phase is determined by applying the kinetic theory of granular materials, and is
given in Eq. (23) (Hsiau and Hunt, 1993; Hunt, 1997; Schmidt and
Renz, 2000). The term involving interphase heat transfer requires
the speciﬁcation of a Nusselt number correlation. We employ the
correlation developed by Gunn (1978), which is shown in Eq. (25).

3. Filtered two-ﬂuid model equations
The ﬁltered two-ﬂuid model equations are obtained by performing a spatial average of the microscopic two-ﬂuid model
equations. As a result of the ﬁltering procedure, the effect of the
ﬁne-scale gas–particle ﬂow structure occurring on length scales
smaller than the ﬁlter size is captured through residual terms that
must be constituted from theoretical considerations or from
ﬁltering the results of ﬁne-grid two-ﬂuid model simulations.
Filtered models have been shown to yield quantitatively similar
macroscopic behavior to that observed in ﬁne-grid simulations of
the same (Igci and Sundaresan, 2011a). The ﬁltering procedure we
adopt is that employed by Igci et al. (2008).
Given the particle volume fraction ϕs ðy,tÞ at location y and time
t, we deﬁne the ﬁltered particle volume fraction ϕs ðx,tÞ as
Z
ϕs ðx,tÞ ¼
Gðx,yÞϕs ðy,tÞ dy
ð27Þ

The ﬁltered mass and momentum balance equations remain
unchanged from those derived in the work of Igci et al. (2008),
and we refer the reader to the same.
Of interest are the ﬁltered thermal energy balance equations;
invoking the above deﬁnitions of ﬁltered and ﬂuctuating variables
we ﬁnd
"
#
∂ðϕs Tes Þ
e
e
þ ∇  ðϕs vs T s Þ ¼ ∇  ðks ϕs ∇T s Þ
ρs C ps
∂t
g
þ γðT s −T g Þ−ρs C ps ∇  ðϕs v′
s T′s Þ
"
ρg C pg

ð38Þ

#
∂ðϕg Tfg Þ
f
f
þ ∇  ðϕg v
g T g Þ ¼ ∇  ðkg ϕg ∇T g Þ
∂t

g
−γðT s −T g Þ−ρg C pg ∇  ðϕs v′
g T′g Þ

ð39Þ

The left hand side of the ﬁltered thermal energy balances
resembles the unﬁltered microscopic equation, with the unﬁltered
variables replaced by their ﬁltered counterparts. The second term
on the right hand side represents ﬁltered interphase energy
transport while the quantities in the last term on the right hand
side of both equations are dispersive terms that may be modeled
as a diffusive ﬂux. The ﬁltered interphase heat transfer coefﬁcient
may be deﬁned as
γ filt ¼

γðT s −T g Þ
ðTes −Tfg Þ

ð40Þ

We deﬁne the ﬁltered thermal diffusivities as follows:
g
αsfilt ∇Tes ¼ −ϕs v′
s T′s ,

g
αgfilt ∇Tfg ¼ −ϕg v′
g T′g

ð41Þ

4. Simulation procedure

V∞

where Gðx,yÞ is a weight function which is a function of x−y and
V ∞ denotes the region in which the gas–particle ﬂow occurs. We
R
require that V ∞ Gðx,yÞ dy ¼ 1; in this study we use a top hat ﬁlter
for Gðx,yÞ. The ﬁltered velocities and temperatures of the two
phases are deﬁned as
Z
ϕs ðx,tÞves ðx,tÞ ¼
Gðx,yÞϕs ðy,tÞvs ðy,tÞ dy
ð28Þ
V∞

f
ϕg ðx,tÞv
g ðx,tÞ ¼
ϕs ðx,tÞTes ðx,tÞ ¼
ϕg ðx,tÞTfg ðx,tÞ ¼

Z

Gðx,yÞϕg ðy,tÞvg ðy,tÞ dy

ð29Þ

Gðx,yÞϕs ðy,tÞT s ðy,tÞ dy

ð30Þ

T s ¼ T ns þ ξx;

Gðx,yÞϕg ðy,tÞT g ðy,tÞ dy

ð31Þ

The microscopic thermal energy balances now have the following
form:

V∞

Z
V∞

Following earlier studies by Igci et al. (2008), we simulate a
ﬂuidized gas–particle system in a two-dimensional periodic
domain; the vertical pressure drop in the gas phase is set to
balance the weight of the mixture. The microscopic equations are
implemented in MFIX (Syamlal et al., 1993).
In order to facilitate the calculation of the ﬁltered thermal
diffusivity, we employ a procedure commonly employed in the
simulation of scalar transport in single phase turbulent ﬂows; we
impose a mean lateral temperature gradient, ξ, in each of the two
phases (Moin et al., 1991; Rogers et al., 1989). The temperatures of
the two phases are decomposed as follows:

Z
V∞

We deﬁne the ﬁltered scalar shear rate for the two phases as
follows:
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
si ¼ 2Se i : Sei , i ¼ s,g
ð32Þ
For each of the variables above, we deﬁne a corresponding
ﬂuctuating variable as follows:

T g ¼ T ng þξx;

ξ ¼ constant

∂ðρs C ps ϕs T ns Þ
þ ∇  ðρs C ps ϕs T ns vs Þ ¼ ∇  ðks ϕs ∇T ns Þ
∂t
∂ðks ϕs Þ
−ρs C ps ϕs vsx ξ
þ γðT ns −T ng Þ þ ξ
∂x
∂ðρg C pg ϕg T ng Þ
∂t

þ ∇  ðρg C pg ϕg T ng vg Þ ¼ ∇  ðkg ϕg ∇T ng Þ

ð42Þ

ð43Þ
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Table 2
Typical values of physical parameters for particle and gas phases.
Particle diameter
Particle density
Gas density
Gas molecular viscosity
Gas molecular conductivity
Gas heat capacity

d
ρs
ρg
μg
kg
C pg

7.5  10−5 m
1500 kg/m3
1.3 kg/m3
1.8  10−5 kg/(m s)
0.024 W/(m K)
1.15  103 J/(Kg K)

Particle heat capacity
Coefﬁcient of restitution
Terminal settling velocity

C ps
ep
vt

1  103 J/(Kg K)
0.9
0.2184 m/s

−γðT ns −T ng Þ þ ξ

∂ðkg ϕs Þ
−ρg C pg ϕg vgx ξ
∂x

ð44Þ

The equations are the same as those in Table 1, with the addition of
the last two terms in each equation: these represent source terms.
The subscript x on the velocity indicates the lateral component of the
phase velocity. The modiﬁed thermal energy balance equations given
by Eqs. (43) and (44) replace those in Table 1 for the purposes of
calculating the ﬁltered thermal diffusivities. Even though we will
present results in dimensionless form, it is useful to consider a typical
physical system to motivate the computations (see Table 2). For such
a physical system we set the lateral temperature gradient, ξ, to be
1 1C/cm; the results are not sensitive to the value of this parameter.
Using this speciﬁcation we will be able to calculate the lateral
component of the thermal diffusivity (the vertical/axial transport is
dominated by convection).
In order to facilitate the calculation of the ﬁltered interphase
heat transfer coefﬁcient we construct a system in which there is a
persistent difference in ﬁltered temperature of the two phases,
leading to a persistent interphase ﬁltered heat ﬂux. We accomplish
this by introducing a heat source in the particle phase and a heat
sink in the gas phase, such that the mixture energy content is
preserved. The local heat source in the particle phase is set to
Π_ s ϕs

ð45Þ

where Π_ s is a constant and is the rate of energy input in the
particle phase. In order for the mixture energy content to be
preserved we set the heat sink in the gas phase to be
〈ϕ 〉
Π_ g ϕg ¼ Π_ s s d ϕg
〈ϕg 〉d

ð46Þ

where 〈ϕs 〉d is the domain-averaged particle phase volume fraction
(averaged over the computational domain), and is a constant. The
microscopic thermal energy balances now have the following
form:
∂ðρs C ps ϕs T s Þ
þ ∇  ðρs C ps ϕs T s vs Þ ¼ ∇  ðks ϕs ∇T s Þ
∂t
þ γðT s −T g Þ þ Π_ s ϕs
∂ðρg C pg ϕg T g Þ
∂t

ð47Þ

n

þ ∇  ðρg C pg ϕg T g vg Þ ¼ ∇  ðkg ϕg ∇T g Þ

〈ϕ 〉
−γðT s −T g Þ−Π_ s s d ϕg
〈ϕg 〉d

resolutions are used: δ ¼ 1:25 mm and δ ¼ 2:5 mm (it will be
shown in later sections that both resolutions give nearly the same
results and as such we consider convergence with respect to grid
resolution sufﬁcient at δ ¼ 1:25 mm. Unless otherwise stated, the
grid resolution is δ ¼ 1:25 mm.) All calculations in this study are
performed for FCC catalyst particles ﬂuidized by air; the corresponding values for the physical properties are given in Table 2.2
Simulations are initiated from a slightly non-uniform state to
facilitate the rapid development of inhomogeneous ﬂow structures.
After an initial transient period, the system reaches a statistical
steady state with persistent temporally and spatially inhomogeneous structures. Snapshots of the ﬂow ﬁeld are collected at
various times in this statistical steady state (See Fig. 2 in Igci
et al. (2008) for a sample snapshot). These computational data are
then ﬁltered using ﬁlters of different sizes (Δ) and “binned” with
respect to the ﬁltered particle phase volume fraction, ϕs , the
f
magnitude of the ﬁltered slip velocity, jves −v
g j, and the ﬁltered
scalar shear rates s^ s and s^ g , as appropriate. Next the data are
ensemble-averaged within each bin in order to collect sufﬁcient
statistics of ﬁltered quantities. Further details of the procedure for
this ﬁltering operation can be found in Igci et al. (2008).
We employ the particle density (ρs ), the terminal settling
velocity of an isolated particle (vt), and gravitational acceleration
(jgj), as the characteristic density, velocity and acceleration scales
to non-dimensionalize all results presented in this work. The
dimensionless ﬁltered quantities of interest are
jgj
Δ^ ¼ Δ 2 ;
vt

e
v
e^ i ¼ i ;
v
vt

vt
e
;
s^ i ¼ e
si
jgj

α^ ifilt ¼ αifilt

jgj
;
v3t

i ¼ s,g

ð49Þ

e^ g j.
e^ s −v
The dimensionless slip velocity is written as jv
Before we present the simulation results, it is appropriate to
discuss the manner in which the results obtained here may be
applied to real systems, which are not periodic and are wallbounded. Prior simulations on wall-bounded riser ﬂows and those
in fully periodic domains have revealed that in regions away from
the riser walls (i.e., the core region), the statistics obtained from
the period domain simulations and those obtained from the wallbounded case are quite similar. The same set of simulations
revealed that in regions close to the walls, the statistics exhibited
appreciable departure from those obtained via periodic domain
simulations, and as such the constitutive models obtained for the
same required adjustment. These adjustments are discussed in Igci
and Sundaresan (2011a), wherein the constitutive models for the
meso-scale stresses were based on a scaling with v2t . Strictly
speaking, changing the models to those based on the scalar shear
rate (as will be seen in the next section), does not remove the need
for wall corrections. However, we anticipate that by following
the test ﬁlter approach of Germano et al. (1991), which has
been applied to gas–particle ﬂows by Parmentier et al. (2011),
we may capture the wall corrections at least partially without
further empiricism. The efﬁcacy of this approach remains to be
demonstrated.

ð48Þ

The equations are the same as those in Table 1, with the addition
of the last terms in each equation: these represent the source/sink
terms. The modiﬁed thermal energy balances given by Eqs. (47)
and (48) replace those in Table 1 for the purposes of calculating
the ﬁltered interphase heat transfer coefﬁcient. In our simulations
we set Π_ s such that the heating rate of the particle phase is 0.1 1C/
s; the results are not sensitive to the value of this parameter.
We simulate the gas–particle system in a 32 cm  32 cm
computational domain for values of 〈ϕs 〉d ranging from 0.01 to
0.55. In order to show the effect of grid resolution, two grid

2
At a much earlier stage in our studies aimed at developing ﬁltered models,
we performed simulations for particles with different particle size, leading to
terminal velocities (vt) ranging from about 10 cm/s to 50 cm/s. It was found that the
results obtained with different particles could be collapsed reasonably well by
using vt as the characteristic velocity and v2t =g as the characteristic length (see Igci,
2011). Therefore, in the present study, we have performed simulations corresponding to one vt and have scaled the results using the aforementioned characteristic
velocity and length scales. This is equivalent to making the problem dimensionless
and then solving it. However, we also discuss dimensional quantities in the paper
for a typical particle size encountered in many ﬂuidized beds to make it easier to
explain the application to real systems.
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Fig. 1. Dimensionless ﬁltered thermal diffusivity as a function of ﬁltered particle volume fraction for different ﬁlter sizes. Legend indicates dimensionless ﬁlter size.
(a) particle phase and (b) gas phase.

Fig. 2. Dimensionless ﬁltered thermal diffusivity coefﬁcient as a function of ﬁltered particle volume fraction for different ﬁlter sizes. Legend indicates dimensionless ﬁlter
size. Open/ﬁlled symbols correspond to a grid resolution of 1.25 mm/2.5 mm. The dashed line with ‘x’ marker symbol is a ﬁt to the data. (a) particle phase and (b) gas phase.

5. Results for ﬁltered thermal diffusivity
Fig. 1a and b presents the variation of the α^ sfilt and α^ gfilt with
respect to the ﬁltered particle phase volume fraction, ϕs for
different ﬁlter sizes. The dependence of the ﬁltered thermal
diffusivities is very similar to that of the ﬁltered viscosities for
the two phases (see Igci et al., 2008; Milioli et al., to appear); the
ﬁltered transport properties go to zero in the limit of low and high
particle volume fraction, and there is a substantial dependence on
the ﬁlter size. Milioli et al. (to appear) show that the ﬁltered
viscosities of the two phases may be reasonably modeled using a
Smagorinsky type model (Smagorinsky, 1963; Pope, 2000), when
the dependency is cast in terms of the respective scalar shear
rates, ﬁlter size, and the ﬁltered particle phase volume fraction.
We should expect similar behavior for the ﬁltered thermal
diffusivities. We write
2^
α^ ifilt ¼ C ni Δ^ e
si

i ¼ s,g

ð50Þ

Fig. 2a and b shows the variation of the coefﬁcient C ni for the
particle and gas phase (and the ﬁt thereto), respectively. The
results for two different grid resolutions are shown
(δ ¼ 1:25=2:5 mm). We observe that the dependency with respect
to the ﬁlter size is removed with the above speciﬁcation of the α^ ifilt .
The resemblance to a Smagorinsky type model for thermal
diffusivity (Moin et al., 1991) is evident, except that the coefﬁcients

C ni are a function of ϕs . In particular we propose the following ﬁts:
(
0:134ð1−e−60ϕs Þ ϕs o 0:1
C ns ¼ 0:21ϕs ; C ng ¼
ð51Þ
ϕs ≥0:1
0:15−0:16ϕs
Comparing the ﬁt for the coefﬁcients with the analogous ones for
the ﬁltered viscosities (see Milioli et al., to appear) we may
calculate the ﬁltered Prandtl number for each phase
Pr sfilt ≡

ν^ sfilt
¼ 0:5;
α^ sfilt

Pr gfilt ≡

ν^ gfilt
0:17−0:275ϕs
¼
,
α^ gfilt
0:15−0:16ϕs

ϕs ≥0:1

ð52Þ

Note that while C ng rapidly approaches zero as ϕs -0, Milioli et al. (to
appear) do not report similar behavior for the analogous coefﬁcient for
the ﬁltered gas phase viscosity, as such we report Pr gfilt only for
ϕs ≥0:1. While Pr sfilt is constant at 0.5, Pr gfilt varies between 0.5 and 1;
the reason for the different behavior for the two phases is not readily
apparent and merits further investigation. In any case the range of the
observed ﬁltered Prandtl numbers is not dissimilar to what is seen in
single phase turbulent ﬂows (Moin et al., 1991; Rogers et al., 1989).
When implementing ﬁltered two-ﬂuid models we may directly specify
the ﬁltered thermal diffusivities or alternatively specify the ﬁltered
Prandtl numbers.
The results we have just discussed are in the case where
interphase transport is permitted. We have also examined the
case of a passive scalar which is restricted to a given phase (such as
a tracer). These results are shown in Fig. 3a and b; the presence of
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Fig. 3. Dimensionless ﬁltered thermal diffusivity coefﬁcient as a function of ﬁltered particle volume fraction for different ﬁlter sizes. Legend indicates dimensionless ﬁlter
size. Filled symbols correspond to the case where interphase heat transfer is not permitted. (a) particle phase and (b) gas phase.

Fig. 4. Dimensionless ﬁltered thermal diffusivity coefﬁcient as a function of ﬁltered particle volume fraction for different ﬁlter sizes. Legend indicates dimensionless ﬁlter
size. Dashed lines without symbols corresponds to ep ¼ 0:9. Open/ﬁlled symbols correspond to ep ¼ 0:85=0:95. (a) particle phase and (b) gas phase.

interphase transfer of a scalar, or lack thereof, does not appear to
inﬂuence the ﬁltered diffusivities.
Finally, we examine the effect of varying the coefﬁcient of
restitution on the ﬁltered diffusivities, shown in Fig. 4a and b. The
results show negligible sensitivity over the typical range of values
chosen for the coefﬁcient of restitution.

6. Results for ﬁltered interphase heat transfer coefﬁcient
We deﬁne the correction to the interphase heat transfer
coefﬁcient, Q , as follows:
Q ¼ 1−

γ filt
e s −v
e g jÞ
γðϕs ,jv

ð53Þ

A value of zero, for the correction, Q, essentially implies a
homogeneous ﬁne-scale (sub-ﬁlter scale) microstructure,
while increasingly larger values of Q imply an increasingly
heterogeneous ﬁne-scale microstructure. Fig. 5 shows a scatter
plot of the correction, Q. Each point corresponds to a speciﬁc
^ and represents the average of
e s −v
e g j, and Δ,
combination of ϕs , jv
^
a large number of realizations. The dimensionless ﬁlter size, Δ,

Fig. 5. Scatter plot of the correction to the interphase heat transfer coefﬁcient, Q.
^
e s −v
e g j, and Δ.
Each point corresponds to a speciﬁc combination of ϕs , jv
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Fig. 6. Correction to the interphase heat transfer coefﬁcient (Q) as a function of the ﬁltered particle volume fraction (ϕs ). Legend indicates ﬁltered slip velocity in terms of the
^ is (a) 2.056 (1 cm), (b) 4.112 (2 cm), and (c) 8.224 (4 cm).
terminal velocity. Dimensionless ﬁlter size, Δ,

was varied between 2.056 and 32.896 (1–16 cm). Compared to
the variation in the correction to the interphase drag, Q varies
over a much narrower range, especially at lower ϕs . For
ϕs 4 0:4, while the range of Q is larger, it must be pointed out
that most of the realizations are at the lower end of the range.
Thus, even with a relatively small ﬁlter size, there is a
substantial correction to the interphase heat transfer coefﬁcient (except at the very dilute/dense regions). The range of
variation implies a 1–2 orders of magnitude reduction in the
interphase heat transfer coefﬁcient, which is consistent with
results reported by Kashyap and Gidaspow (2010, 2011) and
Wang and Li (2005).
Fig. 6a shows the correction, Q, for Δ^ ¼ 2:056 (1 cm) for
different ﬁltered slip velocity bins. The data are a subset of those
in Fig. 5. While the microscopic interphase heat transfer coefﬁcient
is an increasing function of the slip velocity (Gunn, 1978), the
ﬁltered analog appears to have the opposite dependency with
respect to the ﬁltered slip velocity (similar behavior is seen for the
ﬁltered interphase drag coefﬁcient in Milioli et al., to appear). This
result is simply due to the effect of the sub ﬁlter-scale microstructure; the extent of heterogeneity increasing with increasing
ﬁltered slip velocity. These results suggest that, most of the
variation in Q may be attributed to that in the ﬁltered slip velocity.
Furthermore, meaningful variation with respect to the ﬁltered slip
velocity is seen only for ϕs 4 0:3. For very low ﬁltered slip
velocities ( o 0:4vt ), there is a pronounced drop in Q for ϕs 4 0:3.

Fig. 7. Correction to the interphase heat transfer coefﬁcient (Q) as a function of the
ﬁltered solids volume fraction (ϕs ). Legend indicates dimensionless ﬁlter size.
Open/Filled symbols correspond to a grid resolution of 1.25 mm/2.5 mm.

For larger ﬁltered slip velocities, the correction does not drop
meaningfully until ϕs 4 0:5. Fig. 6b and c shows analogous results
for Δ^ ¼ 4:112 (2 cm) and Δ^ ¼ 8:224 (4 cm), respectively. The
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behavior seen in these ﬁgures is very similar to that seen in Fig. 6a.
We notice that the sensitivity of Q with respect to the ﬁltered slip
velocity is negligible, except for ϕs 4 0:4, and very low ﬁltered slip
velocities. With the further observation that most of the realizations for ϕs 4 0:4 involve very low slip velocities, the results
suggest that we may be able to formulate Q just in terms of ϕs
and Δ^ by averaging over the ﬁltered slip velocity dependence;
these results are shown in Fig. 7. We see that the correction seems
to approach an asymptotic envelope as Δ^ exceeds 8.224 (4 cm).
The correction is almost constant (∼0:99) for over much of the
range of ϕs , and rapidly approaches zero outside this interval. The
variation of Q with respect to Δ^ and ϕs is captured quite well with
the following ﬁt:
^
Q ¼ Q 1 ðϕs ÞQ 2 ðΔÞ

ð54Þ

8
0:9957ϕs
>
>
>
>
>
ϕs þ 0:0014
>
>
<
2
Q 1 ðϕs Þ ¼ 0:9846ϕs −0:9739ϕs þ 0:2408
>
>
2
>
>
ϕs −0:9868ϕs þ 0:2437
>
>
>
:0

^ ¼
Q 2 ðΔÞ

8
>
>
<

3
2
Δ^ −2:0683Δ^ þ 0:4642Δ^

3
2
^
Δ^ −2:0436Δ^ þ0:4518Δ−0:039
>
>
:0

ϕs ≤0:24
0:24 oϕs ≤0:49

ð55Þ

ϕs 4 0:49
Δ^ 4 0:257

ð56Þ

^
Δ≤0:257

Note that in our ﬁne-grid simulations, the dimensionless grid
size is 0.257 and as such Q ¼0 by deﬁnition for Δ^ ¼ 0:257. There^
fore we have ﬁt the function Q2 to be zero for Δ≤0:257.
Q2 rapidly
approaches 1 as the ﬁlter size increases (Q 2 ∼0:99 for Δ^ ¼ 3). Thus,
in all likelihood when simulating device scale ﬂows, Q ∼Q 1 ðϕs Þ will
sufﬁce as the choice for the correction to the interphase heat
transfer coefﬁcient; that is, the correction may be taken to be
essentially independent of ﬁlter size.
Fig. 8 shows the effect of varying the coefﬁcient of restitution
on Q. It is quite clear that the results for the correction are
insensitive in this respect, as was the case for the ﬁltered thermal
diffusivity. Finally, we wish to examine the sensitivity of the
results with respect to a change in the correlation for the Nusselt
number. Fig. 9 compares the results obtained for Q for the cases of
Gunn's (1978) correlation and the case wherein the Nusselt
number is set to a constant value (Nu ¼10). While there is some
variability in Q, the results for the correction are quite robust, and
the ﬁt for Q described earlier should sufﬁce in practice.

7. Summary

Fig. 8. Correction to the interphase heat transfer coefﬁcient (Q) as a function of the
ﬁltered particle volume fraction (ϕs ). Legend indicates dimensionless ﬁlter size.
Dashed lines without symbols correspond to ep ¼ 0:9. Open/ﬁlled symbols correspond to ep ¼ 0:85=0:95.

We have extended ﬁltered two-ﬂuid models to accommodate
passive scalar transport in gas–particle ﬂows. Our calculations are
based on ﬁne-grid simulations of gas–particle ﬂows (with the presence of a passive scalar) in a two-dimensional periodic domain and
ﬁltering the results. We have calculated the ﬁltered intraphase
transport coefﬁcient (ﬁltered diffusivity) and ﬁltered interphase
heat/mass transfer coefﬁcient (or equivalently the ﬁltered Nusselt/
Sherwood number correlation). Eqs. (50)–(56) encapsulate the

Fig. 9. Correction to the interphase heat transfer coefﬁcient (Q) as a function of the ﬁltered particle volume fraction (ϕs ). Legend indicates dimensionless ﬁlter size. Filled
symbols correspond to the case where Gunn's correlation for the Nusselt number is replaced with a constant Nusselt number value of 10.
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speciﬁcation of the ﬁltered models for ﬁltered diffusivity and the
intraphase heat/mass transfer coefﬁcient. We ﬁnd that the ﬁltered
diffusivity may be cast into constitutive relations similar to
Smagorinsky (1963) type models used in large-eddy simulation of
scalar transport in single phase-turbulent ﬂows. These results enable
us to calculate the ﬁltered Prandtl/Schmidt number.
The ﬁltered interphase heat/mass transfer coefﬁcient is cast in
terms of a correction to the microscopic interphase heat/mass transfer
coefﬁcient. The correction is a function of the ﬁlter size, the ﬁltered
solids volume fraction, and the ﬁltered slip velocity. However, the slip
velocity dependence is such that the correction may be averaged with
respect to this variable, leaving a function of ﬁlter size and ﬁltered
solids volume fraction. The correction is signiﬁcant, even at ﬁlter sizes
as small as 1 cm, and rapidly approaches an asymptotic envelope as
the ﬁlter size is increased. We see a 1–2 orders of magnitude reduction
in the interphase heat/mass transfer coefﬁcient, which is consistent
with that reported in the literature.
Future work of interest involves simulations in three-dimensional
periodic domains (though the three-dimensional simulation results
are found to be quite similar to those obtained from two-dimensional
simulations for intraphase transport properties; see Igci and
Sundaresan (2011b), and possibly improved prediction in the form of
dynamic ﬁltered models for intraphase and interphase transport.
These type of models are used extensively in single phase turbulent
ﬂows (Germano et al., 1991) and have been recently adapted to gas–
particle ﬂows (Parmentier et al., 2011).
Notation
CD
C pi
d
ep
fD
g
g0
Gðx,yÞ
I
Jcoll
Jvis
kg
ks
Nu
pg
Prg
Pr ifilt

ﬂuid–particle drag coefﬁcient
speciﬁc heat capacity for phase i
particle diameter
coefﬁcient of restitution of particle phase
ﬂuid–particle drag force
gravitational acceleration vector
radial distribution function at contact
weight function for ﬁltering
unit tensor
collisional dissipation of granular energy
viscous dissipation of granular energy
molecular conductivity of gas phase
effective conductivity of particle phase
Nusselt number
gas-phase pressure
Prandtl number for the gas phase
Filtered Prandtl number for the phase i

q
Q
Reg
Si
Se i

granular energy conduction vector
correction to interphase heat transfer coefﬁcient
Reynolds number for the gas phase
rate of deformation tensor for phase i
ﬁltered rate of deformation tensor for phase i

s^ i

dimensionless rate of deformation tensor for phase i,
^
Se i ¼ Sei vt =jgj
dimensionless ﬁltered scalar shear rate for phase i,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
^ ^
s^ i ¼ 2Se i : Se i

Ti
vi
vt
x
y

thermodynamic temperature of phase i
velocity of phase i
terminal settling velocity of isolated particle
generic spatial position vector
generic spatial position vector

^
Se i

Greek letters
αifilt

dimensional ﬁltered thermal diffusivity for phase i
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α^ ifilt

dimensionless ﬁltered thermal diffusivity for phase i
α^ ifilt ¼ αifilt jgj=v3t

β
γ
γ filt
Γ slip
δ
Δ
Δ^

ﬂuid–particle friction coefﬁcient
interphase heat transfer coefﬁcient
ﬁltered interphase heat transfer coefﬁcient
production of granular energy through interphase slip
dimensional grid size
dimensional ﬁlter size
dimensionless ﬁlter size Δ^ ¼ Δjgj=v2

λ
μb
μg
μng
μs
Π_ s
ρs
ρg
ri
ϕi
〈ϕs 〉d

conductivity of granular energy
bulk viscosity of particle phase
molecular gas phase shear viscosity
effective gas phase shear viscosity
shear viscosity of particle phase
particle phase energy input rate
particle density
gas density
stress tensor for phase i
volume fraction of phase i
domain averaged particle phase volume fraction

t
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