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H I G H L I G H T S

� The dependence of filtered quantities for bidisperse gas–particle flows is discussed.
� Dominant scalings for the filtered fluid–particle drag and particle–particle drag coefficients are developed and discussed.
� Scalings for the filtered particle phase stress are also developed and discussed.
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a b s t r a c t

Using the microscopic multi-fluid model as a starting point we perform fine grid simulations of bidisperse
gas–particle flows to examine the dependence of the filtered fluid–particle drag coefficient, particle–particle
drag coefficient, and particle phase stress on the volume fractions and sizes of the particles and the filter size.
Scalings are identified for the filtered fluid–particle drag coefficient, particle–particle drag coefficient, and
particle phase pressure that capture the dependence of each filtered correction on the size and volume
fraction ratios of the bidisperse assembly.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Multiphase reactors are ubiquitous in the chemical and petro-
chemical industries. Fluidized beds are one of the most common
multiphase reactors, important in processes like coal gasification
(Basu, 1999), catalytic cracking (Martin et al., 1992), and methanol-
to-olefin production (Keil, 1999). Although these reactors are
of fundamental importance to the chemical process industry,
the scale-up and design of fluidized bed reactors remain an open
challenge subject to a host of problems (Knowlton et al., 2005).
Industrial scale gas–solid flow simulation utilizing a two- or multi-
fluid model approach represents a method by which the scale-up
of fluidized beds could be done with less uncertainty. However,
the two- and multi-fluid models are known to manifest small scale
gas–particle flow structures down to Oð10Þ particle diameters
(Agrawal et al., 2001; Holloway et al., 2011). Neglecting the
presence of this small scale structure in gas–particle flows can

lead to inaccurate gas–solid flow predictions (Agrawal et al., 2001;
Andrews IV et al., 2005). In order to provide accurate gas–particle
flow models that are suitable for industrial scale gas–solid flow
simulation, filtered models have been constructed that effectively
account for the presence of fine scale structure through sub-grid
closures for the fluid–particle drag force, particle phase stress,
effective reaction rates, and effective heat transfer rates (Wang and
Li, 2007; Igci et al., 2008; Igci and Sundaresan, 2011b; Igci et al.,
2012; Igci and Sundaresan, 2011a; Holloway and Sundaresan,
2012; Agrawal et al., 2013; Schneiderbauer et al., 2013). While
there has been considerable development of filtered models over
the past decade – all of these models to date have been concerned
with the development of filtered models for monodisperse gas–
particle suspensions.

Polydispersity (i.e. differences in particle size/density) is ever-
present throughout industrial applications, and can have varied
effects in practice. For example, experimentally it has been found
that the presence of a small amount of fine particles can greatly
improve the quality of fluidization for some particle species (Geldart
et al., 1981). However, under some experimental circumstances
macroscopic segregation can occur between light and heavy
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particles and result in defluidization of the mixture (Rowe et al.,
1972; Hoffmann et al., 1993; Joseph et al., 2007; Leboreiro et al.,
2008). In order to accurately capture these complex mechanical
behaviors exhibited by polydisperse gas–particle flows in large-scale
systems filtered models must be extended to capture the effect of
polydispersity on the filtered fluid–particle drag force, particle–
particle drag force and particle phase stress.

In this study we examine the behavior of filtered closures for the
fluid–particle drag force, particle–particle drag force, and particle
phase stress for bidisperse particle assemblies, and demonstrate the
variation of these filtered quantities on properties of the microscopic
assembly like size ratio and volume fraction ratio in addition to the
filter size and volume fraction dependence. By performing fine-grid
simulations of the microscopic kinetic theory based model of Iddir
and Arastoopour (2005), and filtering the results we are able to show
that, not only are filtered corrections needed for coarse-grained
binary gas–particle flow simulation, but also that the filtered

corrections are sensitive to particle size ratio and volume fraction
ratio of the different particle types. In addition, we find that the
filtered fluid–particle drag coefficient and particle–particle drag
coefficient systematically decrease with increasing filter size,
approaching an asymptote at very large filter sizes, while the filtered
particle-phase pressure and particle phase viscosity increase sub-
stantially with increasing filter size as a result of persistent meso-
scale velocity fluctuations, which are similar to the trends manifested
by monodisperse assemblies. Scalings are developed that are able to
capture the dependence of the filtered corrections to the fluid–
particle drag force, particle–particle drag force and particle phase
pressure on the local size ratio and volume fraction ratio of the
particle assembly. While these scalings are limited to particle size
ratios between 1.5 and 4.0, we feel that this particle size range
represents encapsulates a majority of size ratios that are practically
observed.

2. Microscopic multi-fluid models

The microscopic multi-fluid models treat the particle and fluid
phases as interpenetrating continua, and represent balance equa-
tions for particle and fluid phase mass, momentum, energy and
pseudothermal energy. For the case of a polydisperse, non-reacting
gas–particle flow the microscopic multi-fluid models reduce to the
following form:

∂ðρgεgÞ
∂t

þ∇ � ðρgεguÞ ¼ 0; ð1Þ

∂ðρsiϕiÞ
∂t

þ∇ � ðρsiϕiviÞ ¼ 0; ð2Þ

Table 1
List of binary particle size distribution simulated in this study. In all cases the gas

density and gas viscosity are ρg ¼ 1:3 kg=m3 and μg ¼ 1:8� 10�5 kg=ðm sÞ.

Case Identifier ρs1 ðkg=m3Þ ρs2 ðkg=m3Þ d2=d1 d1 ðmÞ ϕ2=ϕ1 eii eij

A 1500 1500 1.5 4.5�10�5 0.33 0.99 0.99
B 1500 1500 1.5 4.5�10�5 1.00 0.99 0.99
C 1500 1500 1.5 4.5�10�5 3.00 0.99 0.99
D 1500 1500 2.5 4.5�10�5 0.33 0.99 0.99
E 1500 1500 2.5 4.5�10�5 1.00 0.99 0.99
F 1500 1500 2.5 4.5�10�5 3.00 0.99 0.99
G 1500 1500 4.0 4.5�10�5 0.33 0.99 0.99
H 1500 1500 4.0 4.5�10�5 1.00 0.99 0.99
I 1500 1500 4.0 4.5�10�5 3.00 0.99 0.99

Fig. 1. The dependence of the filtered drag coefficients (a) βn

1eff
, (b) βn

2eff
, and (c) βn

12eff on 〈ϕ〉 is illustrated for four different filter sizes. All results presented in the figures above
were obtained at 〈ϕ2〉=〈ϕ1〉¼ 1:00 and d2=d1 ¼ 2:50 in a domain measuring 32 cm�32 cm resolved with 256�256 grid cells.
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∂ðρgεguÞ
∂t

þ∇ � ðρgεguuÞ ¼ �εg∇ � rg� ∑
N

i ¼ 1
f Di

þρgεgg; ð3Þ

∂ðρsiϕiviÞ
∂t

þ∇ � ðρsiϕiviviÞ ¼ �ϕi∇ � rg�∇ � rsi

þ f Di
þρsiϕigþ ∑

N

ia j
f Di� j

; ð4Þ

3
2mi

∂ðρsiϕiT iÞ
∂t

þ∇ � ðρsiϕiT iviÞ
� �

¼ �∇ � qi�rsi : ∇vi� Jcolli ð5Þ

where ρg and ρsi are the gas and ith solid phase densities, respectively;
εg and ϕi are the gas and ith solid phase volume fractions, respectively;
u and vi are the gas and ith solid phase velocity vectors, respectively;
rg and rsi are the gas and ith solid phase stress tensors, respectively;
f Di

is the fluid–particle interaction force; g is the gravitational
acceleration vector; f Di� j

is the particle–particle interaction force; Ti
is the granular energy of the ith solid phase; qi is the flux of
pseudothermal energy of the ith solid phase; and Jcolli is the rate of
dissipation of granular energy of the ith particle phase due to inelastic
collisions. The microscopic kinetic theory based closures for the
particle–particle interaction force, particle phase stress, granular
energy flux, and collisional dissipation of granular energy are based
on the work of Iddir and Arastoopour (2005) and are presented in the
Appendix. The fluid–particle drag force closure used in this work has
been derived from lattice-Boltzmann simulations by Holloway et al.
(2010), and is given as follows:

f Di
¼ �βiðvi�uÞ� ∑

ja i
βijðvj�viÞ ð6Þ

where βi is the friction coefficient for the ith particle phase and βij is
the interparticle friction coefficient between particles of types i and j.

The friction coefficients βi and βij are given as follows:

βi ¼
18μgϕið1�ϕÞ

d2i
Fn

Di�fixed; βij ¼ �2αij
ϕiϕj

ϕi=βiþϕj=βj
ð7Þ

where μg is the gas phase viscosity, di is the diameter of the ith particle
species, and Fn

Di�fixed is the dimensionless fixed bed drag coefficient for
a particle of type i, and αij is a fitting parameter givenwhich is given as

αij ¼ 1:313 log 10
minðdi; djÞ

λ

� �
�1:249: ð8Þ

In Eq. (8), λ represents the lubrication cutoff distance, which can be
thought of as akin to themean free path of the gas. For more details on
the physical significance of the αij parameter see the works of Yin and
Sundaresan (2009a,b) and Holloway et al. (2010). In this work Fn

Di�fixed
is constituted in terms of the monodisperse fixed bed drag coefficient
Fn

D�fixed as follows (Yin and Sundaresan, 2009b; Holloway et al., 2010):

Fn

Di�fixed ¼
1

1�ϕ

� �
þ Fn

D�fixed�
1

1�ϕ

� �
ðayiþð1�aÞy2i Þ ð9Þ

Fn

D�fixed ¼
10ϕ

ð1�ϕÞ2
þð1�ϕÞ2ð1þ1:5

ffiffiffi
ϕ

p
Þ

 !
ð1þχBVKÞ ð10Þ

where yi ¼ di=〈d〉, 〈d〉 is the Sauter mean diameter, and χBVK represents
a modified form of the inertial correction proposed by Beetstra et al.
(2007), for monodisperse fixed beds that is written as

χBVK ¼
0:413Remix

240ϕþ24ð1�ϕÞ4ð1þ1:5
ffiffiffi
ϕ

p Þ
ð1�ϕÞ�1þ3ϕð1�ϕÞþ8:4Re�0:343

mix

1þ103ϕRe�ð1þ4ϕÞ=2
mix

ð11Þ

Fig. 2. The 〈ϕ〉 dependence of c1, c2, and c12 is given in (a), (b), and (c), respectively, for three different filter sizes. All results presented in the figures above were obtained at
〈ϕ2〉=〈ϕ1〉¼ 1:00 and d2=d1 ¼ 2:50 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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Remix ¼
ρgjΔUmixjð1�ϕÞ〈d〉

μg
; ΔUmix ¼

1
ϕ

∑
N

i ¼ 1
ϕiðvi�uÞ: ð12Þ

3. Filtered multi-fluid models

Filtered models for polydisperse gas–particle flow can be
constructed by performing a spatial average of the microscopic
multi-fluid models given by Eqs. (1)–(5). The filtered volume
fraction, ith particle species velocity, fluid void fraction and
velocity can be defined as follows:

〈ϕi〉ðx0; tÞ ¼
Z
V1

Gðx0; yÞϕiðy; tÞ dy ð13Þ

〈ϕi〉ðx0; tÞ〈vi〉ðx0; tÞ ¼
Z
V1

Gðx0; yÞϕiðy; tÞviðy; tÞ dy ð14Þ

〈εg〉ðx0; tÞ ¼
Z
V1

Gðx0; yÞεgðy; tÞ dy ð15Þ

〈εg〉ðx0; tÞ〈u〉ðx0; tÞ ¼
Z
V1

Gðx0; yÞεgðy; tÞuðy; tÞ dy ð16Þ

where Gðx0; yÞ is a filter function that is taken to be a top hat filter
in our computations. Applying the filtering function Gðx0; yÞ to
Eqs. (1)–(5) and integrating over all space we obtain the following
set of filtered balance equations:

∂ðρg〈εg〉Þ
∂t

þ∇ � ðρg〈εg〉〈u〉Þ ¼ 0; ð17Þ

∂ðρsi 〈ϕi〉Þ
∂t

þ∇ � ðρsi 〈ϕi〉〈vi〉Þ ¼ 0; ð18Þ

∂ðρg〈εg〉〈u〉Þ
∂t

þ∇ � ðρg〈εguu〉Þ ¼ � 〈εg∇ � rg〉� ∑
N

i ¼ 1
〈f Di

〉þρg〈εg〉g; ð19Þ

∂ðρsi 〈ϕi〉〈vi〉Þ
∂t

þ∇ � ðρsi 〈ϕivivi〉Þ ¼ � 〈ϕi∇ � rg〉�∇ � 〈rsi 〉þ 〈f Di
〉þρsi 〈ϕi〉g

þ ∑
N

ia j
〈f Di� j

〉: ð20Þ

While Eqs. (17) and (18) look identical to the microscopic multi-fluid
models given by Eqs. (1) and (2), Eqs. (19) and (20) contain terms like
the filtered fluid–particle drag force 〈f Di

〉, particle–particle drag force
〈f Di� j

〉, and particle phase stress 〈rsi 〉 that must be constituted in
terms of filtered variables to close the coarse-grained equations of
motion. Inserting fluctuation variables for the fluid and particle phase
concentration and velocity of the following form:

εg ¼ 〈εg〉ðy; tÞþε0gðy; tÞ; ϕi ¼ 〈ϕi〉ðy; tÞþϕ0
iðy; tÞ; ð21Þ

u¼ 〈u〉ðy; tÞþu0ðy; tÞ; vi ¼ 〈vi〉ðy; tÞþv0iðy; tÞ; ð22Þ
into Eqs. (19) and (20) we obtain the following filtered momentum
balance equations:

∂ðρg〈εg〉〈u〉Þ
∂t

þ∇ � ρg〈εg〉〈u〉〈u〉
� �

¼ �〈εg〉∇ � 〈r̂g 〉� ∑
N

i ¼ 1
〈f̂ Di

〉þρg〈εg〉g; ð23Þ

∂ ρsi 〈ϕi〉〈vi〉
� �

∂t
þ∇ � ρsi 〈ϕi〉〈vi〉〈vi〉

� �
¼ � 〈ϕi〉∇ � 〈rg〉�∇ � r̂si þ〈f̂ Di

〉þρsi 〈ϕi〉gþ ∑
N

ia j
〈f Di� j

〉: ð24Þ

Fig. 3. The 〈ϕ〉 dependence of c1, c2, and c12 is given in (a), (b), and (c), respectively, for three different size ratios. All results presented in the figures above were obtained at
〈ϕ2〉=〈ϕ1〉¼ 1:00 and Δn ¼ 74:25 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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In Eqs. (23) and (24), 〈r̂g〉, 〈r̂si 〉 and 〈f̂ Di
〉 are given as

〈r̂g〉¼ 〈rg〉þρg〈εgu
0u0〉; 〈r̂si 〉¼ 〈rsi 〉þρsi 〈ϕiv

0
iv

0
i〉; ð25Þ

〈f̂ Di
〉¼ 〈f Di

〉� 〈ϕ0
i∇ � r0

g〉: ð26Þ

The dependence of these filtered quantities to size ratio and
volume fraction ratio is probed by performing fine-grid, two-
dimensional, multi-fluid model simulations of nine different
particle size distributions in periodic domains for a variety of
different domain-averaged concentrations and filtering the results
(see Table 1 for a list of simulation cases). Such periodic domain
simulations have been exploited in earlier studies to probe filtered
constitutive relations for monodisperse systems (Igci et al., 2008;
Holloway and Sundaresan, 2012). We have used such domains in
an earlier study of bidisperse systems to probe the effect of
polydispersity on the details of inhomogeneities that develop in
fluidized suspensions (Holloway et al., 2011). In this study, the
meso-scale stresses associated with the gas phase are not studied
in light of the fact that the meso-scale stresses for the solid phase
dominate those of the fluid phase in high Stokes number gas–solid
suspensions (i.e. ρsi 〈v

0
i � v0i〉5ρg〈u0 � u0〉 Igci et al., 2008). Moreover,

since the kinetic theory contribution to the filtered particle phase
pressure and viscosity is substantially smaller than the contribu-
tions to the particle phase stress that arise due to meso-scale
velocity fluctuations (Igci et al., 2008), filtered granular energy
evolution equations are not developed in this work.

4. Numerical implementation

The fine grid multi-fluid model simulations presented in this work
were performed using the Multiphase Flow with Interface eXchanges

(MFIX) computational software (Syamlal, 1998). The MFIX software
utilizes a variable time step, staggered grid, finite volume method for
the solution of the continuum models for gas–particle flows. The
numerical procedure in MFIX is based on the SIMPLE algorithm for
the iterative solution of the continuum model equations. The partial
elimination algorithm is used to effectively decouple the solution of the
gas and solid phase momentum balances (Spalding, 1980). In order to
minimize numerical diffusion in our simulations, we employ a second-
order-accurate Superbee discretization of the convective terms in the
solid and fluid phase balance equations. Similar numerical approaches
have been employed in the literature for the simulation of polydisperse
gas–particle flows (Fan et al., 2004; Fan and Fox, 2008). In order to
fluidize the systems under investigation, a vertical pressure gradient
was imposed on the system to balance the weight of the suspension.

5. Dependence of filtered quantities on size ratio, volume
fraction ratio, and filter size

To systematically interrogate the dependence of the filtered fluid–
particle drag force, particle–particle drag force, particle phase pressure,
and viscosity on volume fraction, filter size, size ratio, and volume
fraction ratio, several periodic domain simulations were performed at
several different domain averaged volume fractions, domain-averaged
volume fraction ratios, and particle size ratios; filtered statistics were
then obtained by moving filters of different sizes throughout the
periodic domain once the each system had reached statistical steady
state and subsequently averaging over several instantaneous snap-
shots. This approach of gathering filtered statistics was employed
in previous works to collect statistics on the filtered reaction rate
(Holloway and Sundaresan, 2012) and is closely related to filtering
strategies employed in the work of Igci et al. (2008). In this section

Fig. 4. The 〈ϕ〉 dependence of c1, c2, and c12 is given in (a), (b), and (c), respectively, for three different volume fraction ratios. All results presented in the figures above were
obtained at d2=d1 ¼ 2:50 and Δn ¼ 74:25 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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filtered statistics for the fluid–particle drag force, particle–particle drag
force, and particle phase stress are presented as functions of filter size,
volume fraction ratio and size ratio.

5.1. Filtered fluid–particle drag force

Based on the microscopic fluid–particle drag model (see
Eq. (6)) the filtered fluid–particle drag force can be written as

〈f̂ Di
〉¼ � 〈βiðvi�uÞ〉� ∑

N

ja i
〈βijðvj�viÞ〉� 〈ϕ0

i∇ � r0
g〉: ð27Þ

In order to appropriately close the filtered multi-fluid model the
individual terms in Eq. (27) must be constituted in terms of filtered

variables in order to close the equations of motion. In this work we
define the filtered fixed bed drag coefficient βieff of a particle of type
i, and the filtered fluid-mediated particle–particle drag coefficient
βijeff as

βieff ¼
βiðu�viÞjyþϕ0

i

∂p0g
∂y

	 

ð〈u〉�〈vi〉Þjy

; βijeff ¼
〈βijðvi�vjÞjy〉
ð〈vi〉� 〈vj〉Þjy

; ð28Þ

where the subscript y is used to indicate that the filtered fluid–
particle drag coefficients are obtained using slip velocity data
parallel to the direction of gravity. Here, the gas phase pressure
gradient fluctuation term has been absorbed into the definition of
the filtered fixed bed friction coefficient βieff . It should be noted that

Fig. 5. The filtered particle–particle drag coefficient βn

ppd is plotted as a function of (a) 〈ϕ〉 and (b) 〈ϕ1〉〈ϕ2〉 for four different filter sizes. In these plots d2=d1 ¼ 2:50 and
〈ϕ2〉=〈ϕ1〉¼ 1.

Fig. 6. The dimensionless filtered particle–particle drag coefficient cppd is presented as a function of 〈ϕ〉 for (a) different Δn values for d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00;
(b) different ratios of d2=d1 with 〈ϕ2〉=〈ϕ1〉¼ 1:00 and Δn ¼ 74:25; and (c) different ratios of 〈ϕ2〉=〈ϕ1〉 with d2=d1 ¼ 2:50 and Δn ¼ 74:25.
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there are viscous contributions to the stress fluctuation term
〈ϕ0

i∇ � r0
g〉, however, the viscous contributions are very small when

compared to the pressure gradient fluctuation (Igci et al., 2008),
and have thus been ignored. In Fig. 1(a)–(c) the volume fraction
dependence of the filtered fluid–particle drag coefficients is given
for four different filter sizes for a particle size distribution
consistent with particle size distribution (PSD) E in Table 1. In
Fig. 1(a)–(c) the drag coefficients are made dimensionless using

βn

ieff
¼ βieff ν

1=3
g =ðρsjgj2=3Þ; βn

ijeff
¼ βijeff ν

1=3
g = ρsjgj2=3

� �
; ð29Þ

where νg is the gas phase kinematic viscosity. The scaling for the
fluid–particle drag coefficient requires a special note. In mono-
disperse gas–particle flows the characteristic velocity scale is given
by the terminal settling velocity of an isolated particle vt. This
velocity scale allows one to define a dimensionless fluid–particle
drag coefficient as βn ¼ βvt=ðρsjgjÞ (Igci et al., 2008). However, in a
bidisperse gas–particle flow one can define a variety of different
velocity scales associated with each constituent particle species or
the polydisperse mixture as a whole. In addition, with any choice
of velocity scale one must incorporate information about the
particle size distribution into the scaling since the terminal
settling velocity for an isolated particle scales with particle size.
In light of the variety of velocity scales in bidisperse particulate
systems, we choose a characteristic velocity scale vc and length
scale ℓc based upon fluid kinematic viscosity and gravitational
acceleration, namely vc � ðνgjgjÞ1=3 and ℓc � ðν2g=jgjÞ1=3. In this
work vc ¼ 5 cm=s and ℓc ¼ 1:23 mm for all cases that were
simulated.

Fig. 1(a)–(c) clearly shows that the filtered drag coefficients
increase with 〈ϕ〉. However, the 〈ϕ〉 variation of the drag coeffi-
cients is also a function of the dimensionless filter size
Δn ¼ Δjgj1=3=ν2=3g , where Δ is the dimensional filter size. As Δn

increases the filtered fluid–particle drag coefficients decrease and
reach an asymptotic volume fraction variation as Δn becomes large.
Following the earlier work of Igci et al. (2008) we define the
filtered corrections to microscopic fluid–particle drag coefficients
as follows:

ci ¼ 1� βieff
βimicro

ð〈ϕ〉; 〈ϕ1〉; 〈ϕ2〉;…Þ cij ¼ 1� βijeff
βijmicro

ð〈ϕ〉; 〈ϕ1〉; 〈ϕ2〉;…Þ ð30Þ

where ci and cij are the filtered corrections, and βimicro
and βijmicro

are
the drag coefficient predictions obtained by substituting the
filtered volume fraction and relative velocities into the microscopic
fluid–particle drag model given by Eqs. (6)–(12). Fig. 2(a)–(c)
shows the volume fraction dependence ci and cij as a function of
Δn for a particle size ratio d2=d1 ¼ 2:50 and a volume fraction ratio
of unity. Any deviation of ci or cij from zero indicates the deviation
in the filtered drag model from the microscopic drag model that
arises due to fine scale gas–particle flow structure. The corrections
ci and cij increase from zero at low volume fractions reaching a
maximum at intermediate volume fractions, and slowly decay to
zero in the limit of large 〈ϕ〉 in a qualitatively similar fashion to the
filtered drag corrections presented in the work of Igci et al. (2008).
In addition, it is clear that the deviation of ci and cij from unity is
an increasing function of Δn. The volume fraction dependence of ci
and cij is also given in Fig. 3 for three different size ratios. It is clear
that the same characteristic volume fraction dependence emerges,
however, the deviation of ci from unity is also a function of the
size ratio between different particle types. However, each filtered

Fig. 7. The 〈ϕ〉 dependence of (a) 〈pn
s1 〉, (b) 〈μ

n
s1 〉, (c) 〈p

n
s2 〉, and (d) 〈μn

s2 〉 is presented for four different filter sizes. All results presented in the figures above were obtained at
〈ϕ2〉=〈ϕ1〉¼ 1:00 and d2=d1 ¼ 2:50 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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correction manifests a slightly different dependence on size ratio.
For example, in Fig. 3(a), c1 exhibits a monotonically increasing
trend with increasing size ratio. In contrast, the filtered correction
c2 in Fig. 3(b) monotonically decreases with size ratio for
〈ϕ〉o0:20, and for 0:20o 〈ϕ〉o0:35, c2 exhibits a non-monotonic
trend in particle size ratio finally retaining a monotonically
increasing dependence with size ratio for 〈ϕ〉40:35. The off-
diagonal filtered correction c12 seems to exhibit a similar crossover
in size ratio dependence from being a monotonically decreasing
function of size ratio at low volume fractions to a monotonically
increasing function of size ratio at high volume fractions with the
crossover taking place for 0:20o 〈ϕ〉o0:30. It is also clear that the
volume fraction variation of c1 and c2 is different, indicating that
filtered corrections for the fluid–particle drag force be different for
each particle type in a bidisperse gas–particle flow. The filtered
corrections ci and cij are given as a function of 〈ϕ〉 for three
different volume fraction ratios in Fig. 4(a)–(c). It is clear that as
the volume fraction ratio of larger particles increases the volume
fraction range over which ci and cij deviate substantially from unity
increases. Moreover, the deviation of ci and cij from unity is an
increasing function of the volume fraction ratio of the larger
particle species in the binary particle assembly.

5.2. Filtered particle–particle drag force

The particle–particle drag force accounts for the collisional
momentum transport between particles of different types in a
polydisperse gas–particle flow. Appealing to the microscopic kinetic
theory of Iddir and Arastoopour (2005) the filtered particle–particle
drag force can be written from the microscopic particle–particle drag

force model found in the Appendix as follows:

〈f Di� j
〉¼ γij

ffiffiffi
π

p
R2ðvj�viÞþ

dijπR0

12
∇ ln

ni

nj
�3
2
∇ ln

Ti

Tj

� �	

þdijπ
16

½ΞijþΩijþΛij�
�


ð31Þ

where constitutive models for γij, R2,R0, Ξij, Ωij, Λij are given in the
Appendix. Rather than model each individual contribution to
the particle–particle drag force separately, we propose a filtered
particle–particle drag relation of the following form:

〈f Di� j
〉¼ βppdð〈vj〉� 〈vi〉Þ; ð32Þ

where βppd is the filtered particle–particle drag coefficient that
contains contributions from each term appearing in Eq. (31). It
should be noted that for binary mixtures βppd1

¼ βppd2
, therefore,

subscripts indicating different particle types will be suppressed for
the sake of clarity. Fig. 5(a)–(b) shows βn

ppd as a function of 〈ϕ〉 and
〈ϕ1〉〈ϕ2〉, respectively, for a variety of different filter sizes. Here
βn

ppd ¼ βppdν
1=3
g =ðρsi jgj2=3Þ. The filtered particle–particle drag coeffi-

cient is a decreasing function of filter size, similar to the filtered fluid–
particle drag coefficient, and scales with both 〈ϕ〉 and 〈ϕ1〉〈ϕ2〉. Here
βppd is modeled as follows:

βppd ¼ cppd

ffiffiffi
π

p
d2ij

4ðmiþmjÞ
gijð1þeijÞ〈ϕi〉〈ϕj〉ρsiρsj

ffiffiffiffiffiffiffiffiffiffi
vti vtj

p ð33Þ

where cppd is a dimensionless function of volume fraction, size ratio,
and volume fraction ratio, mi andmj are the masses of the ith and jth
species, respectively, and vti and vtj are the terminal settling
velocities of isolated particles of types i and j, respectively. The model
for the filtered particle–particle drag coefficient specified here is

Fig. 8. The 〈ϕ〉 dependence of (a) 〈pn
s1 〉, (b) 〈μ

n
s1 〉, (c) 〈p

n
s2 〉, and (d) 〈μn

s2 〉 is presented for three different particle size ratios. All results presented in the figures above were
obtained at 〈ϕ2〉=〈ϕ1〉¼ 1:00 and Δn ¼ 74:25 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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similar to high relative velocity limit model specified by Syamlal
(1987) with the only difference being that in the work of Syamlal
(1987) βppd scaled with the slip velocity between particles of types i
and j, while in this work we adopt the ad hoc velocity scale of

ffiffiffiffiffiffiffiffiffiffi
vti vtj

p
because it was able to better capture our filtered model results. To
fully specify a model for the filtered particle–particle drag coefficient
one only needs to ascertain the dependence of cppd on 〈ϕ〉, d2=d1, Δn,
〈ϕ2〉=〈ϕ1〉, and Δn. We seek to model the filtered particle–particle drag
coefficient using a different relationship from the microscopic
particle–particle drag model because the microscopic particle–parti-
cle drag coefficient depends on the granular temperature of each
particle type, and the filtered model framework advanced in this
study does not focus on construction of a filtered evolution equation
for the granular energy of each particle phase, but rather a simplified
model to enable coarse grid simulation of bidisperse gas–particle
flows via the solution of simplified mass and momentum balances
for each particle type. Fig. 6(a)–(c) shows the 〈ϕ〉-dependence of cppd
as a function of filter size, size ratio, and volume fraction ratio,
respectively. The dimensionless filtered particle–particle drag coeffi-
cient decreases as 〈ϕ〉, d2=d1, and Δn increases. However, in Fig. 6(c)
cppd increases with 〈ϕ2〉=〈ϕ1〉. This indicates that while the particle–
particle drag coefficient seems to decrease with increasing filter size
and size ratio, there is an increase in the particle–particle drag
coefficient as the concentration of the larger particle species
increases.

5.3. Filtered particle phase pressure and viscosity

The filtered particle phase stress consists of a contribution from
the filtered microscopic kinetic theory and meso-scale particle

velocity fluctuations. In this study we follow the work of Igci
et al. (2008) and model the filtered particle phase stress as

〈r̂si 〉¼ 〈psi 〉I�〈κsi 〉ð∇ � 〈vi〉ÞI� 〈μsi 〉〈Si〉; ð34Þ

where 〈psi 〉 is the filtered particle phase pressure of a particle of
type i, 〈μsi 〉 is the filtered particle phase viscosity of particles of type
i, 〈κsi 〉 is the filtered particle phase bulk viscosity of particles of type
i, and 〈Si〉 is the filtered rate of deformation tensor defined as
〈Si〉¼ ð∇〈vi〉þð∇〈vi〉ÞT �ð2=3Þð∇ � 〈vi〉ÞIÞ. The filtered particle phase
pressure and viscosity for the ith particle species are defined as

〈psi 〉¼ 〈psKTi 〉þ
1
3
ρsi 〈ϕiv

0
i � v0i〉;

〈μsi 〉¼ 〈μsKTi
〉þ

ρsi 〈ϕiv0ix v
0
iy
〉

∂〈vix 〉=∂yþ∂〈viy 〉=∂x
; ð35Þ

by extending the definition in Igci et al. (2008) to bidisperse
systems.

Fig. 7(a)–(d) gives the dimensionless filtered particle phase
pressure 〈pn

si
〉 and viscosity 〈μn

si
〉 of each particle species as a

function of particle volume fraction for four different filter sizes.
Here, the dimensionless particle phase pressure and viscosity are
given as 〈pn

si 〉¼ 〈psi 〉=ðρsiϕiðνg jgjÞ2=3Þ and 〈μn
si 〉¼ 〈μsi 〉j=ðρsiϕiνgÞ,

respectively. Fig. 7(a)–(d) reveals that both 〈pn
si
〉 and 〈μn

si
〉 decrease

systematically with particle volume fraction and increase with
filter size. Here, it is noted that while the filtered particle phase
pressure is on the same order of magnitude for each particle type,
the filtered particle phase viscosity for the smaller particle species
is an order of magnitude larger than for the larger particle type.

Fig. 8(a)–(d) illustrates the dependence of 〈pn
si
〉 and 〈μn

si
〉 as a

function of the size ratio between small and large particles. In

Fig. 9. The 〈ϕ〉 dependence of (a) 〈pn
s1 〉, (b) 〈μ

n
s1 〉, (c) 〈p

n
s2 〉, and (d) 〈μn

s2 〉 is presented for three different volume fraction ratios. All results presented in the figures above were
obtained at d2=d1 ¼ 2:50 and Δn ¼ 74:25 in a domain measuring 32 cm�32 cm, with 256�256 grid cells.
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Fig. 8(a) and (c) the dimensionless particle phase pressure and
viscosity of the smaller particle are weak functions of size ratio at
low volume fractions, but become more pronounced as volume
fraction increases with larger size ratios exhibiting larger 〈pn

s1 〉 and
〈μn

s1 〉 values. The particle phase pressure and viscosity of the larger
particle type shown in Fig. 8(b) and (d) illustrate a similarly weak
size ratio dependence of 〈pn

s2 〉 and 〈μn
s2 〉 over the whole volume

fraction range, with the magnitude of 〈pn
s2 〉 increasing slightly with

larger size disparity between small and large particles. However,
〈μn

s2 〉 exhibits a non-monotonic dependence on size ratio when
〈ϕ〉o0:15 and transitions to being a slightly increasing function of
size ratio for 〈ϕ〉40:15.

Fig. 9(a)–(d) shows the volume fraction dependence of 〈pn
si 〉 and

〈μn
si
〉 for three different volume fraction ratios. In Fig. 9(a) and

(c) the dimensionless particle phase pressure and viscosity of the
smaller particle type, namely 〈pn

s1 〉 and 〈μn
s1 〉, increase monotoni-

cally as 〈ϕ2〉=〈ϕ1〉 increases. In Fig. 9(b) the particle phase pressure
of the larger particle type is also shown to increase with 〈ϕ2〉=〈ϕ1〉,
while Fig. 9(d) only shows an increase in 〈μn

s2 〉 with 〈ϕ2〉=〈ϕ1〉 when
the particle volume fraction is greater than 0.20. In all cases
presented the meso-scale particle phase pressure and viscosity
are much larger for the smaller particle type than the larger
particle type, indicating that the addition of fines to the system
greatly decreases the meso-scale velocity fluctuations of the larger
particle type. Therefore, one can conclude that increasing the fines
content decreases the amount of meso-scale clustering. This is
consistent with the observation that the addition of small amounts
of fines increases the interval of homogeneous fluidization
(Squires et al., 1985).

6. Grid resolution study

In previous filtering studies it was demonstrated that filtered
corrections for the effective reaction rates observed in gas–particle
flows manifest a strong dependence on grid resolution until the
ratio of the grid size to the particle size is Oð4Þ (Holloway and
Sundaresan, 2012). In this section we interrogate the effect of grid
resolution on the filtered fluid–particle drag coefficient, particle–
particle drag coefficient and particle phase pressure and viscosity.
Fig. 10(a)–(c) illustrates the volume fraction dependence of the
filtered corrections to the drag coefficient, namely c1, c2, and c12,
for three different dimensionless grid resolutions δn. Here
δn ¼ δjgj1=3=ν2=3g , where δ is the dimensional grid size. The filtered
corrections to the drag coefficient manifest a clear dependence on δn

especially at volume fractions larger than 0.25. In Fig. 11(a)–(e)
the volume fraction dependence of dimensionless, filtered, parti-
cle–particle drag coefficient, particle phase pressure, and particle
phase viscosity are given for three different grid resolutions.
While the dimensionless particle–particle drag coefficient cppd,
particle phase pressure 〈pn

si
〉, and particle phase viscosity of the

smaller particle type 〈μn
s1 〉 manifest a weak dependence on grid

resolution for 〈ϕ〉o0:25, the particle phase viscosity of the larger
particle type 〈μn

s2 〉 shows a strong sensitivity to grid resolution for
all 〈ϕ〉.

To obtain approximations to the grid-independent solutions for
the filtered fluid–particle drag coefficient, particle–particle drag
coefficient, and particle phase pressure and viscosity extrapola-
tions must be performed. A mixed, first, second order extrapola-
tion is applied to the filtered quantities at each volume fraction to

Fig. 10. The 〈ϕ〉 dependence of (a) c1, (b) c2, and (c) c12 is presented for three different grid resolutions. All results presented in the figures above were obtained at
〈ϕ2〉=〈ϕ1〉¼ 1:00, d2=d1 ¼ 2:50, and Δn ¼ 74:25.
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obtain an estimate of the continuum value for the filtered correc-
tions at each volume fraction. A mixed, first, second order extra-
polation technique (explained below) is used when the discrete
solution of partial differential equations has a mixture of first and
second order discretization errors (Roy, 2003). While the numer-
ical scheme used in this work is second-order accurate, the
Superbee flux limiter (used to prevent spurious oscillations when
there are large spatial gradients, e.g. near the boundaries of a
clustered region) causes a local first order error that is advected
throughout the simulation domain. Therefore, the solution to the
multi-fluid model equations given in this work can be regarded as
second order accurate through the majority of the domain, with
local first order accuracies near the boundaries of clusters in the
gas–particle flow. The approximation to the exact solution using

a mixed, first, second order extrapolation is given as follows:

f exact � f 1þ
ε32�ðr2þr�1Þε21

ðrþ1Þðr�1Þ2
ð36Þ

where f exact is the approximate continuum solution of a generic
filtered variable f, f1 is value of f obtained at the highest grid
resolution, ε32 ¼ f 3� f 2 is the difference between the value of f
obtained at the coarsest and intermediate grid resolutions,
ε21 ¼ f 2� f 1 is the difference between values of f obtained using
the intermediate and finest grid resolutions, and r is the grid
refinement ratio (Roy, 2003). In Eq. (36), it is assumed that the grid
refinement ratio is fixed, however, more cumbersome expressions

Fig. 11. The 〈ϕ〉 dependence of (a) cppd, (b) 〈pn
s1 〉, (c) 〈μ

n
s1 〉, (d) 〈p

n
s2 〉, and (e) 〈μn

s2 〉 is presented for three different grid resolutions. All results presented in the figures above were
obtained at 〈ϕ2〉=〈ϕ1〉¼ 1:00, d2=d1 ¼ 2:50, and Δn ¼ 74:25.
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are available in Roy (2003) for the case when r is not fixed
between simulations performed at different spatial resolutions.

At some particle volume fractions in Figs. 10 and 11 the filtered
corrections manifest a non-monotonic dependence on grid resolu-
tion. This makes the argument of extrapolating filtered quantities
in these areas questionable. To remedy this effect, we choose to
only extrapolate filtered variables if a monotonic dependence on
grid resolution is observed, and if a non-monotonic trend is
observed we approximate the continuum value of the filtered
variable as being equal to the filtered variable obtained at the
finest grid resolution. While this procedure is not exact, it provides
a good approximation to the nature of the filtered corrections in
bidisperse gas–particle flows.

The extrapolated values of the filtered corrections to the fluid–
particle drag coefficient, particle–particle drag coefficient, and
particle phase pressure and viscosity are given by the gray symbols
in Figs. 10 and 11. The extrapolated filtered corrections given in
Figs. 10 and 11 deviate only slightly from the finest resolution in
most cases, with the fluid-mediated particle–particle drag coeffi-
cient correction c12 and the particle phase viscosity of the larger
particle type 〈μn

s2 〉 being marked exceptions.

7. Extrapolated filtered quantities

Fig. 12(a)–(c) illustrates the 〈ϕ〉 dependence of the extrapolated
fluid–particle drag corrections c1, c2, and c12 for six different filter
sizes. The drag corrections for binary mixtures are juxtaposed with
the monodisperse fluid–particle drag correction in Fig. 12(d).
A similar filter size dependence is manifested for monodisperse

and bidisperse fluid–particle drag corrections in a filtered model
framework. The most notable difference between the monodis-
perse drag correction c and the bidisperse corrections ci and cij is
the volume fraction dependence at high 〈ϕ〉. The monodisperse
correction to the fluid–particle drag coefficient is much larger
at high volume fractions than the corresponding bidisperse drag
corrections, indicating that bubbling phenomena persist to higher
volume fractions in monodisperse systems when compared to
bidisperse systems.

Fig. 13(a) and (b) shows the variation in the 〈ϕ〉 dependence
of c1 and c2 with size ratio d2=d1. While the fluid–particle drag
correction for the smaller particle c1 clearly increases with
increasing size ratio, the filtered correction for the larger particle
type decreases slightly with d2=d1 at low volume fractions and
becomes approximately size ratio independent at higher volume
fractions. In Fig. 13(c) and (d) the 〈ϕ〉 dependence of c1 and c2 for
three different particle volume fraction ratios is presented. Both c1
and c2 retain a very weak dependence in volume fraction ratio.
Moreover, it should also be noted that the c1 and c2 values are
different at the same volume fraction ratio and size ratio. In Fig. 14
(a) and (b), plots of ciy

�1=6
j are presented as a function of

〈ϕ〉ðysmallþylargeÞ3=5ðdlarge=dsmallÞ�1=3 for two different filter sizes
(recall that yi ¼ di=〈d〉). For the remainder of the paper d2 ¼ dlarge
and d1 ¼ dsmall. It can be seen that at both filter sizes the filtered
drag coefficient data for both particle types can be collapsed onto a
single band for a variety of different size ratios and volume
fraction ratios, with the drag correction for the smaller particle
type (c1) given by the black symbols and the correction for the
larger particle type (c2) given by the gray symbols. If we consider
a monodisperse particle assembly that is artificially split into two

Fig. 12. The 〈ϕ〉 dependence of (a) c1, (b) c2, and (c) c12 is presented for six different filter sizes. All results presented in the figures (a)–(c) above were obtained at
〈ϕ2〉=〈ϕ1〉¼ 1:00, d2=d1 ¼ 2:50. (d) The extrapolated, monodisperse, filtered drag correction c is given as a function of 〈ϕ〉 for six different filter sizes. The monodisperse system
presented has the following physical properties: dp ¼ 7:5� 10�5 m, ρs ¼ 1500 kg=m3, ρg ¼ 1:3 kg=m3, and μg ¼ 1:8� 10�5 kg=ðm sÞ.
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separate particle types one can ask whether or not the bidisperse
fluid–particle drag correction ci will approach the monodisperse
fluid–particle drag correction observed in previous studies
(Igci et al., 2008). While the ratio between the drag corrections
between different particle types goes to unity as the diameter ratio
goes to unity, the volume fraction variation of the drag corrections
does not appear to trend toward the volume fraction scaling in
Fig. 12(d) as the size ratio goes to unity. At this point further
systematic studies must be performed to ascertain the exact
approach of a bidisperse gas–particle flow to monodisperse limit
as it pertains to filtered corrections for the fluid–particle drag
coefficient.

In addition to the fluid–particle drag correction for each particle
type, one must also effectively model the off-diagonal fluid–particle
drag correction c12 for a filtered model framework. However, before
one seeks to model such a correction it is instructive to ask what the
magnitude of the filtered off-diagonal friction coefficient is compared
to analogous terms that appear in the momentum balance equations
for the particle phase. The most natural choice is to examine the ratio
of the filtered off-diagonal friction coefficient compared βn

12eff to the
filtered particle–particle drag coefficient βn

ppd. In Fig. 15(a)–(c) the 〈ϕ〉
dependence of βn

12eff =β
n

ppd is plotted for different filter sizes, size ratios,
and volume fraction ratios, respectively. For 〈ϕ〉o0:20, the βn

ppd is
observed to be an order of magnitude larger than βn

12eff
, and even at

Fig. 13. The 〈ϕ〉 dependence of c1 is illustrated as a function of (a) size ratio (for 〈ϕ2〉=〈ϕ1〉¼ 1:00 and Δn ¼ 92:80) and (c) volume fraction ratio (for d2=d1 ¼ 2:50 and
Δn ¼ 92:80). The 〈ϕ〉 dependence of c2 is given as a function of (b) size ratio (for 〈ϕ2〉=〈ϕ1〉¼ 1:00 and Δn ¼ 92:80) and (d) volume fraction ratio (for d2=d1 ¼ 2:50 and
Δn ¼ 92:80).

Fig. 14. A single master curve is shown where ciy
�1=6
j can be collapsed as a function of 〈ϕ〉ðysmallþylargeÞ3=5ðdlarge=dsmallÞ�1=3 for a variety of different size ratios and volume

fraction ratios at filter sizes of (a) Δn ¼ 55:68 and (b) Δn ¼ 92:80.
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high volume fractions βn

12eff
remains about a factor of two smaller than

βn

ppd. Given that the particle–particle drag coefficient itself is much
smaller than βn

ieff
(see Figs. 1 and 5), we advance a filteredmodel where

the off-diagonal friction coefficient is neglected as a reasonable
approximation in bidisperse gas–particle flow problems where
coarse-grained models are used.

In Fig. 16(a) the extrapolated, filtered particle–particle drag coeffi-
cient cppd is given as a function of volume fraction for a variety of
different filter sizes. The change in the 〈ϕ〉 dependence of cppd
approaches an asymptotic curve in the limit of Δn-1 similar to the
filtered fluid–particle drag coefficient. In addition, Fig. 16(b) shows that
cppd increases as the size disparity between particle types decreases
for a fixed 〈ϕ〉 value. In contrast, Fig. 16(c) shows only a weak
dependence on the volume fraction ratio of larger particles to smaller
particles. In Fig. 17, it is shown that the combined volume fraction ratio
and size ratio dependence of cppd can be captured in a single band for
each filter size by plotting cnppd against 〈ϕn〉ðy1y2Þ1=4. Here cnppd ¼
cppdðdlarge=dsmallÞ3=4ð1þ 〈ϕ2〉=〈ϕ〉Þ�1=3, and 〈ϕn〉¼ 〈ϕ〉ð1þ 〈ϕ2〉=〈ϕ〉Þ�1.

The 〈ϕ〉 dependence of the extrapolated 〈pn
s1 〉 is given in Fig. 18(a),

(c), and (e) as a function of filter size, size ratio and volume fraction
ratio, respectively. The filtered particle phase pressure for type
1 particles increases strongly with filter size and size ratio, but
decreases as the volume fraction of larger particles increases. In Fig. 18
(b), (d), and (f) the volume fraction dependence of the extrapolated
〈pn

s2 〉 is presented for different filter sizes, size ratios, and volume
fraction ratios, respectively. Again, a clear increase in 〈pn

s2 〉 is observed
as filter size increases and 〈ϕ2〉〈ϕ1〉 decreases, however, the size ratio
dependence of 〈pn

s2 〉 is much weaker than for 〈pn
s1 〉. Moreover, it should

be noted that the filtered particle phase pressure for each particle
species is quantitatively different.

In Fig. 19 it is shown that the filter size, size ratio, and volume
fraction ratio dependence of 〈pn

si
〉 can be collapsed onto a single

curve by plotting 〈pn
si 〉scaled ¼ 〈pn

si 〉ðΔnÞ�3=4ðdi=djÞ1=6ð∑iyiÞ�3=4ð1þ 〈

ϕ2〉=〈ϕ〉Þ�2 against 〈ϕ〉. Moreover the filtered pressure for each particle
type is also collapsed onto this band (in Fig. 19 the black symbols
correspond to a particle of type 1 and gray symbols correspond to type
2 particles). This indicates that the filtered pressure for each particle
type scales as 〈psi 〉� Δ3=4. This filter size dependence of the particle
phase pressure can be contrasted to the scaling of the filtered pressure
for monodisperse systems where it is found that 〈ps〉� Δ0:86 (Igci and
Sundaresan, 2011a). While there is some quantitative deviation in
filter size scaling for the particle phase pressure in the monodisperse,
and bidisperse gas–particle flows one can conclude that the filter size
scaling in monodisperse and bidisperse gas–particle flows is the same
to a reasonable approximation.

Fig. 20(a)–(c) shows the 〈ϕ〉 dependence of the particle phase
viscosity of species 1, namely 〈μn

s1 〉, for a variety of different filter
sizes, size ratios, and volume fraction ratios. It is noted that, a
systematic investigation of the filtered particle phase viscosity
associated with the larger particle type, namely 〈μs2 〉 is not pursued
here due to the fact that the extrapolated values of 〈μs2 〉 were found
to fluctuate about zero for all size ratios, volume fraction ratios and
filter sizes under investigation. Thus, it is recommended that the
filtered particle phase viscosity associated with the larger particle
type be set to zero in a filtered model framework for bidisperse gas–
particle flows. From Fig. 20(a) it is clear that 〈μn

s1 〉 is an increasing
function of filter size. However, the particle phase viscosity is found
to have very little systematic dependence on particle size ratio and
volume fraction ratio as evidenced by Fig. 20(b) and (c).

The filter size dependence of 〈μn
s1 〉 can be collapsed by plotting

〈μn
s1 〉ðΔnÞ�9=8 against 〈ϕ〉 as shown in Fig. 21(a) and (b). This indicates

that the filtered particle phase viscosity for particles of type 1 scales as
〈μs1 〉� Δ9=8. This can again be contrasted with the filter size depen-
dence of the particle phase viscosity for monodisperse systems where

Fig. 15. The 〈ϕ〉 dependence of the ratio βn

12eff
=βppd for (a) different filter sizes (at d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), (b) different d2=d1 ratios (for Δn ¼ 74:24 and

〈ϕ2〉=〈ϕ1〉¼ 1:00), and (c) different 〈ϕ2〉=〈ϕ1〉 ratios (for Δn ¼ 74:24 and d2=d1 ¼ 2:50).

W. Holloway, S. Sundaresan / Chemical Engineering Science 108 (2014) 67–8680



it is found that 〈μs〉� Δ1:22. While there is a small quantitative
difference between these power law exponents, it is clear that the
filter size dependence of the particle phase viscosity in monodisperse
systems does not change appreciably when considering a bidisperse
system. While there is some dependence of 〈μs1 〉 on size ratio and
volume fraction ratio, this dependence is rather weak and not
systematic for all particle volume fractions, so a collapse of 〈μs1 〉 for
different size ratios and volume fraction ratios is not sought here. It is
well understood in the gas–particle flows that the dominant terms
appearing in the particle and fluid phase momentum balances are the
fluid–particle drag force and gravitational force, with the particle

phase stress playing a secondary role, so exact models for the particle
phase viscosity are not of central importance to reproduce macro-
scopic flow features accurately in industrial gas–particle flows (Igci
and Sundaresan, 2011a).

8. Summary

In this work the need for filteredmulti-fluid models for bidisperse
gas–particle flows was demonstrated. Specifically, filtered closures
are shown to be necessary for not only the fluid–particle drag force

Fig. 16. The 〈ϕ〉 dependence of cppd is given as a function of (a) Δn (for d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), (b) d2=d1 (for Δn ¼ 92:80 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), and (c) 〈ϕ2〉=〈ϕ1〉 (for
Δn ¼ 92:80 and d2=d1 ¼ 2:50).

Fig. 17. The quantity cnppd is plotted as a function of 〈ϕn〉ðysmallylargeÞ1=4 for a filter size of (a) Δn ¼ 55:68 and (b) Δn ¼ 92:80. Here cnppd ¼ cppdðdlarge=dsmallÞ3=4ð1þ 〈ϕ2〉=〈ϕ〉Þ�1=3,
and 〈ϕn〉¼ 〈ϕ〉ð1þ 〈ϕ2〉=〈ϕ〉Þ�1.
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and particle phase stress, but also the particle–particle drag force as
well. In addition to a strong filter size and volume fraction depen-
dence, these filtered closures manifest a strong dependence on the
local details of the bidisperse assembly, namely size ratio and volume
fraction ratio. While the filtered fluid–particle drag coefficient and
particle–particle drag coefficient decreased systematically with filter
size approaching an asymptotic limit, the particle phase pressure and
viscosity were found to increase with filter size without an asymp-
totic limit. In all cases the dependence of each of the filtered
corrections on the local details of the particle assembly was found
to be a function of the filtered volume fraction retaining unique
dependencies in all cases.

Due to the sensitivity of the filtered quantities to grid resolution,
an extrapolation technique was employed to estimate the continuum
approximation of the filtered fluid–particle drag coefficient, particle–
particle drag coefficient and particle phase pressure and viscosity.
The extrapolated filtered fluid–particle drag correction for bidisperse
systems is found to have a similar qualitative behavior to the
monodisperse filtered correction with the monodisperse correction
decaying more slowly with particle volume fraction. The extrapolated
particle–particle drag coefficient is found to increase substantially as
particle size ratio decreases, while exhibiting only a weak depen-
dence on volume fraction ratio. Finally, the filtered particle phase
pressures for each particle type were found to scale according to

Fig. 18. The 〈ϕ〉 dependence of the extrapolated particle phase pressure for each particle type is given as a function of filter size, size ratio and volume fraction ratio. For
particles of type 1 the 〈ϕ〉 dependence is given as a function of (a) filter size (for d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), (c) size ratio (for Δn ¼ 74:24 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), and
(e) volume fraction ratio (for d2=d1 ¼ 2:50 and Δn ¼ 74:24). For particles of type 2 the 〈ϕ〉 dependence is given as a function of (b) filter size (for d2=d1 ¼ 2:50 and
〈ϕ2〉=〈ϕ1〉¼ 1:00), (d) size ratio (for Δn ¼ 74:24 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), and (f) volume fraction ratio (for d2=d1 ¼ 2:50 and Δn ¼ 74:24).
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〈psi 〉� Δ0:75, and the particle phase viscosity of the smaller particle
species was found to scale with 〈μsi 〉� Δ9=8. While the particle phase
pressure and viscosity of each particle type does maintain a weak
dependence on particle size ratio, and volume fraction ratio, it is of
secondary importance compared to the filter size effect. Upon
extrapolation of the filtered data it was found that the particle phase
viscosity of the larger particle species fluctuated about zero for all
particle size ratios, volume fraction ratios, and filter sizes under

investigation, so to a first approximation the viscosity of the larger
particle species can be neglected in a filtered model framework.

In this study the dominant trends associated with the filtered
fluid–particle drag coefficient, particle–particle drag coefficient,
and particle phase pressure and viscosity were illustrated, and the
scaling of these filtered corrections with respect to size ratio and
volume fraction ratio was demonstrated for the fluid–particle drag
force, particle–particle drag force and particle phase stress. Recent

Fig. 19. The 〈ϕ〉 dependence of 〈pn
si 〉scaled is presented for a variety of size ratios, filter sizes and volume fraction ratios. Here 〈pn

si 〉scaled ¼ 〈pn
si 〉ðΔnÞ�3=4 ðdi=djÞ1=6ð∑iyiÞ�3=4

ð1þ 〈ϕ2〉=〈ϕ〉Þ�2. Black symbols correspond to particles of type 1 while gray symbols correspond to particles of type 2.

Fig. 20. The 〈ϕ〉 dependence of the extrapolated particle phase viscosity of particles of type 1 is given as a function of (a) filter size (for d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00),
(b) size ratio (for Δn ¼ 74:24 and 〈ϕ2〉=〈ϕ1〉¼ 1:00), and (c) volume fraction ratio (for d2=d1 ¼ 2:50 and Δn ¼ 74:24).
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studies have demonstrated that filtered corrections to the fluid–
particle drag force can also exhibit a substantial dependence on the
meso-scale slip velocity between solid and fluid phases (Milioli et al.,
2013). Moreover, these studies have also illuminated a connection that
can be drawn between filtered model constructions for meso-scale
solid stress that have been used in large eddy model construction for
single phase turbulent flow. Future work should seek to develop
constitutive relations for these filtered quantities to enable accurate
coarse grid simulation of bidisperse gas–particle flows with an eye
toward quantifying relevant slip velocity effects on the filtered fluid–
particle drag force, and also toward extending the large-eddy model
analogy to filtered model construction for the meso-scale stresses in
bidisperse particle assemblies. Beyond these two extensions one can
also envision the extension of these filtered model constructions to
multiple particle types. To do this, several two-and three-dimensional
bidisperse and multidisperse gas–solid flow simulations are required.
In addition, subsequent filtering work must be performed at very
dilute fine particle concentrations to illuminate the sensitivity of the
clustering patterns in bidisperse gas–particle flows to the addition of
fine particles.
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Appendix A

Constitutive equations for the polydisperse kinetic theory
model of Iddir and Arastoopour (2005).
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Fig. 21. The 〈ϕ〉 dependence of 〈μn
s1 〉ðΔnÞ�9=8 is given as a function of filter size for (a) d2=d1 ¼ 2:50 and 〈ϕ2〉=〈ϕ1〉¼ 1:00, and (b) d2=d1 ¼ 1:50 and 〈ϕ2〉=〈ϕ1〉¼ 3:00.
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